







TLKRQJ OLX_ NRQVWDQWLQRV VHUIHVh
DXJXVW 5335
Devwudfw
Uhfhqw ghyhorsphqwv lq lqirupdwlrq whfkqrorj| +LW, kdyh uhvxowhg lq wkh froohfwlrq ri d ydvw
dprxqw ri fxvwrphu vshfl￿f gdwd1 Dv wkh LW dgydqfhv wkh txdolw| ri vxfk lqirupdwlrq lpsuryhv1
Zh dqdo|}h d vhtxhqwldo vsdwldo prgho ri roljrsrolvwlf wklug ghjuhh sulfh glvfulplqdwlrq zkhuh
wkh ￿upv xvh wkh dydlodeoh lqirupdwlrq wr fodvvli| wkh frqvxphuv lqwr vhjphqwv dqg fkdujh hdfk
frqvxphu jurxs d gl￿huhqw sulfh1 Kljkhu lqirupdwlrq txdolw| lqfuhdvhv wkh qxpehu ri lghqwl￿deoh
frqvxphu jurxsv1 Dprqj rxu ￿qglqjv= l, zkhq wkh lqirupdwlrq txdolw| lv orz/ d xqlodwhudo
frpplwphqw qrw wr sulfh glvfulplqdwh dulvhv lq htxloleulxp/ exw iru kljk lqirupdwlrq suhflvlrq
vxfk d frpplwphqw lv d grplqdwhg vwudwhj| dqg wkh jdph ehfrphv d sulvrqhuv* glohppd dqg
ll, htxloleulxp sur￿wv h{klelw d X0vkdsh uhodwlrqvkls zlwk wkh lqirupdwlrq txdolw|1
MHO Fodvvl￿fdwlrq Frghv= G76/ O46/ R631
Nh|zrugv= Sulfh glvfulplqdwlrq/ Lqirupdwlrq txdolw|/ Lqirupdwlrq dftxlvlwlrq1
       	  
  
Wkh udslg ghyhorsphqw ri wkh lqwhuqhw dv d phglxp ri frppxqlfdwlrq dqg frpphufh kdv hqkdqfhg
wkh ￿upv* delolw| wr dffxpxodwh dqg vwruh d ydvw dprxqw ri fxvwrphu vshfl￿f lqirupdwlrq1 Uhfhqw
WD suhylrxv yhuvlrq ri wklv sdshu zdv wlwohg ￿Hqgrjhqrxv dftxlvlwlrq ri lqirupdwlrq rq frqvxphu zloolqjqhvv wr sd|
lq d surgxfw gl￿huhqwldwhg gxrsro|1￿ Zh kdyh uhfhlyhg khosixo frpphqwv iurp vhplqdu sduwlflsdqwv dw wkh Zhvwhuq
Hfrqrplf Dvvrfldwlrq Frqihuhqfh lq Vdq Iudqflvfr/ Mxo| 5334/ wkh 45wk Dqqxdo Frqihuhqfh rq Jdph Wkhru| dw Vwrq|
Eurrn/ Mxo| 5334/ wkh Vxpphu 5335 Phhwlqjv ri wkh Hfrqrphwulf Vrflhw| dqg wkh Ghsduwphqwv ri Hfrqrplfv dw Vwrq|
Eurrn dqg Uxwjhuv1 Zh kdyh dovr ehqh￿whg iurp glvfxvvlrqv zlwk Rolylhu Dupdqwlhu/ Jhrujh Ghowdv/ Sudghhs Gxeh|/
Mrkq Kdxvh/ Fkduolh Ndkq/ Wlprwk| Pdwkhzv/ Suhvwrq PfDihh/ Vdqjlq Sdun/ Pduwlq Shuu|/ Juhj Vkd￿hu/ Ulfkdug
Vwhlqehuj dqg \dlu Wdxpdq1 Wkh xvxdo glvfodlphu dssolhv1
_Ghsduwphqw ri Hfrqrplfv/ VXQ\ dw Vwrq| Eurrn/ Vwrq| Eurrn/ Q\ 44:<7076;71 H0pdlo= tlolxClf1vxq|ve1hgx1
hGhsduwphqw ri Hfrqrplfv/ VXQ\ dw Vwrq| Eurrn/ Vwrq| Eurrn/ Q\ 44:<7076;71 H0pdlo= nvhu0
ihvCqrwhv1ff1vxq|ve1hgx1 Skrqh= +964, 9650:8951 Id{= +964, 9650:8491
4dgydqfhv lq lqirupdwlrq whfkqrorj| +LW, dqg vriwzduh wrrov/ frxsohg zlwk doo wklv dffxpxodwhg gdwd/
kdv wdnhq sulfh glvfulplqdwlrq wr d qhz ohyho1 Wkh sudfwlfh ri g|qdplf sulflqj/ zkhuh frqvxphuv
sd| gl￿huhqw sulfhv ghshqglqj xsrq wkhlu ghprjudsklfv/ sxufkdvlqj klvwru| dqg lqfrph/ lv rqh
surplqhqw h{dpsoh14 Dqrwkhu h{dpsoh lv frxsrq wdujhwlqj1 Pdq| uhwdlohuv dvn wkh frqvxphuv zkhq
wkh| ylvlw wkhlu zhe sdjh wr uhjlvwhu e| glyxojlqj shuvrqdo lqirupdwlrq vxfk dv wkhlu qdph/ h0pdlo/
dgguhvv ri uhvlghqfh +ru }ls frgh,/ djh dqg idplo| vl}h1 Wklv/ lq wxuq/ fdq idflolwdwh wkh glvwulexwlrq
ri wdujhwhg frxsrqv yld h0pdlo zlwk gl￿huhqw idfh ydoxhv ghshqglqj xsrq hdfk fxvwrphu*v zloolqjqhvv
wr sd| dv wklv lv lpsolhg e| klv iuhtxhqf| ri sdvw frxsrq uhghpswlrqv frpelqhg zlwk klv shuvrqdo
fkdudfwhulvwlfv15 Wkh LW dovr doorzv wkh vhoohuv wr nhhs wudfn ri frqvxphuv* sxufkdvh ehkdylru ryhu
wlph dqg phujh dq lqfuhdvlqj qxpehu ri vhhplqjo| xquhodwhg gdwdedvhv6 zklfk lpsolhv wkdw wkh
dydlodeoh fxvwrphu gdwd fdq eh hdvlo| xsgdwhg dqg uh￿qhg1 Zh srvlw d vhtxhqwldo vsdwldo +Krwhoolqj
w|sh, prgho ri roljrsrolvwlf wklug ghjuhh sulfh glvfulplqdwlrq zkhuh wkh ￿upv xvh wkh dydlodeoh
lqirupdwlrq +dftxluhg lq vwdjh 4 dqg prghohg dv d sduwlwlrq ri wkh xqlw lqwhuydo, wr fodvvli| wkh
frqvxphuv lqwr vhjphqwv e| lpshuihfwo| hvwlpdwlqj wkhlu ghjuhh ri eudqg or|dow| dqg fkdujh hdfk
frqvxphu jurxs d gl￿huhqw sulfh +vwdjhv 5 ) 6,1 Kljkhu lqirupdwlrq txdolw| ohdgv wr d uh￿qhphqw ri
wkh lqirupdwlrq sduwlwlrq1 Zh irfxv rq wkh ￿upv* lqfhqwlyhv wr dftxluh fxvwrphu vshfl￿f lqirupdwlrq
ri d jlyhq ohyho ri txdolw| dv zhoo dv rq wkh hyroxwlrq ri wkhvh lqfhqwlyhv/ sur￿wv/ sulfhv dqg zhoiduh
dv wkh txdolw| lpsuryhv1
Hfrqrplvwv* lqwhuhvw lq sulfh glvfulplqdwlrq gdwhv edfn wr wkh zrun ri Urelqvrq +4<66, zkr
vwxglhg wkh lvvxh lq d prqrsrolvwlf hqylurqphqw1 Odwhu zrun rq wkh vxemhfw zdv vwloo frq￿qhg wr
d rqh vhoohu pdunhw/ ^h1j1 Vfkpdohqvhh +4<;4, dqg Yduldq +4<;8,‘1 Lq d prqrsrolvwlf vlwxdwlrq/
sulfh glvfulplqdwlrq ohdgv wr kljkhu sur￿wv iru wkh prqrsrolvw dqg wr dpeljxrxv frqvxphu zhoiduh
4D o or q hk d vw rg rl vw | s hl qj r r j o h 1 f r pw k hs k u d v hg|qdplf sulflqj dqg d sohwkrud ri uhohydqw olqnv zloo dsshdu1
Dovr/ vhh wkh duwlfoh ￿Rq wkh Zhe/ Sulfh Wdjv Eoxu= Zkdw \rx Sd| Frxog Ghshqg rq Zkr \rx Duh/￿ zdvklqjwrq0
srvw1frp/ Vhswhpehu 5:/ 53331 Lq wkh vdph duwlfoh lw lv vwdwhg wkdw= Dpd}rq/ wkh odujhvw dqg prvw srwhqw irufh
lq h0frpphufh/ zdv uhfhqwo| uhyhdohg wr eh vhoolqj wkh vdph GYG prylhv iru gl￿huhqw sulfhv wr gl￿huhqw fxvwrphuv1
Edloh| +4<<;, r￿huv dqrwkhu h{dpsoh ri ehkdylru0edvhg sulfh glvfulplqdwlrq= Errnv1frp 0 d errnv uhwdlohu 0 dgrswhg
lq hduo| 4<<; d sulfh glvfulplqdwlrq vwudwhj| zkhuh gl￿huhqw ex|huv zhuh sd|lqj gl￿huhqw sulfhv iru wkh vdph lwhp
ghshqglqj rq wkhlu vkrsslqj ehkdylru1
5Vhh Urvvl/ PfFxoorfk dqg Doohqe| +4<<9, dqg Doohqe| dqg Urvvl +4<<<, zkr prgho frqvxphu khwhurjhqhlw| dqg
ghyhors vwdwlvwlfdo surfhgxuhv/ edvhg rq sdqho gdwd rq krxvhkrog sxufkdvh ehkdylru/ lq rughu wr hvwlpdwh frqvxphuv*
vhqvlwlylw| rq +dprqj rwkhu wklqjv, wdujhwhg sulfh surprwlrqv1
6Rqh h{dpsoh lv wkh Dedfxv Fdwdorj Dooldqfh/ d gdwdedvh wkdw frqwdlqv wudqvdfwlrqdo gdwd zlwk ghwdlohg lqiru0
pdwlrq rq frqvxphu dqg exvlqhvv0wr0exvlqhvv sxufkdvlqj dqg vshqglqj ehkdylru1 Lw lv d eolqg dooldqfh ri 4/;33
phufkdqwv r￿hulqj vkduhg gdwd uhsuhvhqwlqj ryhu <3 ploolrq krxvhkrogv dqg lv wkh odujhvw sursulhwdu| gdwdedvh ri
frqvxphu wudqvdfwlrqv xvhg iru wdujhw pdunhwlqj sxusrvhv ^vhh kwws=22zzz1grxeohfolfn1frp2xv2‘1
5uhvxowv1 Wklv suhglfwlrq grhv qrw qhfhvvdulo| fduu| ryhu wr lpshuihfwo| frpshwlwlyh pdunhwv1 Lq
dq roljrsrolvwlf sulfh glvfulplqdwlrq prgho zlwk v|pphwulf ￿upv Krophv +4<;<, vkrzv wkdw wkh
frqvxphu zhoiduh uhvxow lv vwloo dpeljxrxv1 Krzhyhu/ Fruwv +4<<;, dqg Vkd￿hu dqg ]kdqj +5333,
e| uhod{lqj wkh dvvxpswlrq ri v|pphwulf ghpdqg pdgh e| Krophv vkrz wkdw xqdpeljxrxv sulfh
dqg zhoiduh uhvxowv pd| dulvh/ zkhuh doo frqvxphuv ehfrph ehwwhu r￿ dv d uhvxow ri ehlqj fkdujhg
d orzhu sulfh/ zkloh ￿upv* sur￿wv ghfuhdvh1 Ehvwhu dqg Shwudnlv +4<<9, lq d gxrsro| prgho zlwk
sulfh glvfulplqdwlrq rewdlq vlplodu uhvxowv/ wkdw lv/ wkh delolw| wr fkdujh gl￿huhqw frqvxphu vhj0
phqwv gl￿huhqw sulfhv lqfuhdvhv frpshwlwlrq dqg uhgxfhv sur￿wv1 Zkhq ghflvlrqv derxw zkhwkhu wr
glvfulplqdwh dqg zkdw sulfhv wr fkdujh duh pdgh vlpxowdqhrxvo|/ sulfh glvfulplqdwlrq lv d grpl0
qdqw vwudwhj| dqg wkh jdph d sulvrqhuv* glohppd ^h1j1 Fkhq +4<<:,/ Fruwv dqg Vkd￿hu dqg ]kdqj
+4<<8,‘17 Li/ rq wkh rwkhu kdqg/ zh frqvlghu d vhtxhqwldo jdph zkhuh ￿upv fdq frpplw wr d xql0
irup sulfh sulru wr wkh sulfh vhwwlqj vwdjh/ Fruwv suryhg wkdw d xqlodwhudo frpplwphqw qrw wr sulfh
glvfulplqdwh dulvhv lq htxloleulxp1
Wkh olwhudwxuh rq sulfh glvfulplqdwlrq lq vsdwldo prghov kdv pdlqo| dvvxphg wkdw ￿upv hlwkhu=
l, kdyh wkh delolw| wr lghqwli| wkh orfdwlrq ri hdfk frqvxphu shuihfwo| ^h1j1 Dqghuvrq dqg gh Sdopd
+4<;;,/ Ekdvndu dqg Wr +5334,/ Ohghuhu dqg Kxuwhu +4<;9,/ Vkd￿hu dqg ]kdqj +5334,/ Wklvvh
dqg Ylyhv +4<;;, dqg Xosk dqg Yxondq +5333,‘/ ru ll, glvfulplqdwh ehwzhhq rqo| wzr jurxsv ri
frqvxphuv ^h1j1 Ehvwhu dqg Shwudnlv/ Fkhq/ Ixghqehuj dqg Wluroh +5333, dqg Vkd￿hu dqg ]kdqj
+4<<8 ) 5333,‘1 Rxu pdlq lqqrydwlrq lv lq h{whqglqj wkh olwhudwxuh wr dqdo|}h doo wkh lqwhuphgldwh
fdvhv +lqfoxglqj wkh wzr h{wuhph rqhv,1 E| ydu|lqj wkh txdolw| ri lqirupdwlrq/ zh fdq rewdlq doo
ohyhov ri sulfh glvfulplqdwlrq dqg lq wkh olplw +dv wkh qxpehu ri lghqwl￿deoh frqvxphu vhjphqwv jrhv
wr lq￿qlw|, zh dssur{lpdwh wkh fdvh ri shuihfw glvfulplqdwlrq1 Wklv prgholqj dssurdfk surylghv d
pruh frpsohwh slfwxuh ri wkh lqirupdwlrq dftxlvlwlrq lqfhqwlyhv dqg wkh wudqvlwlrq ri wkh htxloleulxp
yduldeohv dqg pruh lpsruwdqwo| ￿wv uhdolw| ehwwhu/ zkhuh wkh txdolw| ri frqvxphu lqirupdwlrq wkdw
￿upv duh xvlqj wr ghyhors wkhlu sulflqj vwudwhjlhv lv idu iurp shuihfw/ exw lv frqvwdqwo| lpsurylqj
gxh wr dgydqfhv lq LW1
Lq rxu prgho wkh lqirupdwlrq surylghv d fuhgleoh frpplwphqw whfkqrorj|1 Li d ￿up grhv qrw
7Ilupv gr qrw qhfhvvdulo| ehfrph zruvh r￿ zkhq wkh| hqjdjh lq sulfh glvfulplqdwlrq1 Eruhqvwhlq +4<;8, dqdo|}hv d
flufxodu prgho zlwk iuhh hqwu| dqg vkrzv wkdw sulfh glvfulplqdwlrq/ iru d ￿{hg qxpehu ri ￿upv/ dozd|v ohdgv wr kljkhu
sur￿wv li frqvxphuv duh vruwhg e| wkhlu uhvhuydwlrq sulfhv1 Vkd￿hu dqg ]kdqj +5334, orrn dw rqh0wr0rqh surprwlrqv
edvhg rq shuihfw lqirupdwlrq xqghu wkh dvvxpswlrq wkdw ￿upv duh dv|pphwulf/ dqg wkh| vkrz wkdw wkh jdph +uhodwlyh
wr wkh rqh sulfh vwudwhj|, lv qrw d sulvrqhuv* glohppd1
6dftxluh lqirupdwlrq lq vwdjh 4/ wkhq lw lv qrw ihdvleoh wr sulfh glvfulplqdwh1 Zh vkrz wkdw iru yhu|
orz ohyhov ri lqirupdwlrq txdolw| wkh jdph lv qrw d sulvrqhuv* glohppd1 Xqlodwhudo frpplwphqwv wr
d xqlirup sulfh dulvh lq htxloleulxp ^hyhq zlwk d }hur frvw ri lqirupdwlrq‘/ frqvlvwhqw zlwk Fruw*v
uhvxow1 Iru kljk lqirupdwlrq txdolw|/ krzhyhu/ vxfk d frpplwphqw lv qrw dq htxloleulxp1 Dftxlulqj
lqirupdwlrq ehfrphv hdfk ￿up*v grplqdqw vwudwhj| uhvxowlqj lq orzhu sur￿wv wkdq wkh rqhv rewdlqhg
xqghu d xqlirup sulflqj uxoh ^sulvrqhuv* glohppd‘1 Frqvhtxhqwo|/ zh vkrxog qrw h{shfw wkh ￿upv
wr dgrsw srolflhv zklfk dlp dw olplwlqj wkh sudfwlfh ri sulfh glvfulplqdwlrq/ vxfk dv hyhu| gd| orz
sulflqj ru qr0kdjjoh srolf|/ li wkh ￿upv srvvhvv ￿qh hqrxjk lqirupdwlrq derxw wkhlu fxvwrphuv*
suhihuhqfhv1 Lqwhuhvwlqjo|/ wkh sur￿wv zkhq erwk ￿upv sulfh glvfulplqdwh duh qrq0prqrwrqlf dv d
ixqfwlrq ri wkh lqirupdwlrq suhflvlrq1 Lq sduwlfxodu/ wkh| h{klelw d X0vkdsh sdwwhuq1 Wklv lpsolhv
wkdw lqlwldoo| ehwwhu lqirupdwlrq lqwhqvl￿hv wkh frpshwlwlrq ehwzhhq wkh vhoohuv/ exw hyhqwxdoo| wkh
vxusoxv h{wudfwlrq h￿hfw suhydlov dqg ￿upv ehfrph uhodwlyho| ehwwhu r￿ zkhq wkh lqirupdwlrq lv
uh￿qhg1 Rxu qrq0prqrwrqlflw| uhvxow vwdqgv lq vwdun frqwudvw zlwk wkh rqh rewdlqhg e| Fkhq/
Qdudvlpkdq dqg ]kdqj +5334, zkr/ e| hpsor|lqj d prgho ª od Yduldq +4<;3, dqg Qdudvlpkdq
+4<;;,/ vkrzhg wkdw wkh ￿upv* htxloleulxp sur￿wv h{klelw dq lqyhuwhg X0vkdsh dv d ixqfwlrq ri wkh
lqirupdwlrq dffxudf| +wdujhwdelolw|,1 Zh hoderudwh pruh rq wklv frpsdulvrq lq vhfwlrq 6141
Srolf|pdnhuv/ dqg uhjxodwruv kdyh udlvhg frqfhuqv wkdw wkh lqfuhdvlqj froohfwlrq ri lqirupdwlrq
derxw frqvxphuv* vkrsslqj ehkdylru pd| kdyh ghwulphqwdo h￿hfwv rq frqvxphu zhoiduh1 Frqvxphu
jurxsv dqg rujdql}dwlrqv duh dovr frqfhuqhg derxw wkh zd| wkdw shuvrqdo lqirupdwlrq froohfwhg
iurp frqvxphuv ru derxw frqvxphuv e| wklug sduwlhv lv xvhg18 Wklv sdshu dwwhpswv wr kljkoljkw
vrph ri wkhvh lvvxhv19 Zh vkrz wkdw wkh frqvxphu zhoiduh kdv dq lqyhuwhg X0uhodwlrqvkls zlwk wkh
lqirupdwlrq suhflvlrq/ lpso|lqj wkdw prghudwh lqirupdwlrq lv wkh prvw ehqh￿fldo iru wkh frqvxphuv1
Diwhu wkh shdn ri wkh frqvxphu zhoiduh/ dv wkh lqirupdwlrq txdolw| lpsuryhv frqvxphuv vwduw sd|lqj
+uhodwlyho| vshdnlqj, kljkhu sulfhv1 Khqfh/ dv idu dv wkh frqvxphuv* zhoiduh lv frqfhuqhg/ wkh uhjx0
odwru| dxwkrulwlhv vkrxog fuhdwh dq hqylurqphqw zklfk doorzv dqg irvwhuv rqo| d olplwhg froohfwlrq
8Vhh/ iru lqvwdqfh/ wkh Hohfwurqlf Sulydf| Lqirupdwlrq Fhqwhu*v ^zzz1hslf1ruj/ Dxjxvw 43/ 5334‘ frpsodlqw djdlqvw
Plfurvriw/ frqfhuqlqj Zlqgrzv [S dqg Plfurvriw*v delolw| wr froohfw d kxjh dprxqw ri shuvrqdo lqirupdwlrq zklfk
lv doohjhgo| xqidlu dqg ohdgv wr ghfhswlyh wudgh sudfwlfhv1 Vhh dovr wkh lqyhvwljdwlrq wkdw zdv odxqfkhg e| IWF
djdlqvw GrxeohFolfn Lqf1/ dq lqwhuqhw dgyhuwlvlqj frpsdq|/ derxw zkhwkhu/ lq froohfwlqj dqg pdlqwdlqlqj lqirupdwlrq
frqfhuqlqj Lqwhuqhw xvhuv/ wkh ￿up kdv hqjdjhg lq xqidlu ru ghfhswlyh sudfwlfhv/ ^￿GrxeohFolfn wdujhw ri IWF lqtxlu|/￿
XVDWRGD\1frp/ Mxqh :/ 5333‘1
9Ri frxuvh/ wkh zkroh ghedwh derxw frqvxphu sulydf| dqg wkh lvvxh ri wkh sursulhwdu| uljkwv ri frqvxphu lqiru0
pdwlrq dqg krz wklv lqirupdwlrq vkrxog eh xvhg lv idu pruh jhqhudo wkdq wkh vshfl￿f dssurdfk zh kdyh wdnhq lq wklv
sdshu1
7dqg dssolfdwlrq ri frqvxphu lqirupdwlrq1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho dqg wkh wkuhh vwdjh jdph lv suhvhqwhg
lq vhfwlrq 51 Wkh jdph lv dqdo|}hg lq vhfwlrq 6 dqg vhfwlrq 7 r￿huv d glvfxvvlrq rq wkh pdlq
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Wzr ￿upv 0 4 dqg 5 0 orfdwhg dw wkh wzr hqgsrlqwv ri d xqlw lqwhuydo vhoo frpshwlqj eudqgv wr d
frqwlqxxp ri fxvwrphuv zkr kdyh xqlw ghpdqgv dqg duh xqlirupo| glvwulexwhg rq ^3>4‘= Zh dvvxph
wkdw hdfk frqvxphu ghulyhv d ehqh￿w htxdo wr Y li kh ex|v d surgxfw iurp hlwkhu rqh ri wkh ￿upv1
Ohw s￿ dqg s2 eh wkh sulfhv wkdw ￿up 4 dqg 5 fkdujh uhvshfwlyho|1 Erwk ￿upv* pdujlqdo frvwv duh
qrupdol}hg wr }hur1 Lq dgglwlrq/ hdfk frqvxphu lqfxuv d olqhdu xqlw wudqvsruwdwlrq frvw ghqrwhg e|
wA3= Wkhuhiruh d frqvxphu zkr lv orfdwhg dw srlqw { 5 ^3>4‘ dqg ex|v iurp ￿up 4 hqmr|v d vxusoxv
ri Y ￿ w{ ￿ s￿= Olnhzlvh/ li kh ex|v iurp ￿up 5 klv vxusoxv lv Y ￿ w+4 ￿ {, ￿ s2= Hdfk frqvxphu
ex|v wkh surgxfw zklfk jlyhv klp wkh kljkhvw srvlwlyh vxusoxv1 Zh dvvxph wkdw Y lv vx!flhqwo|
kljk/ hqvxulqj wkdw hdfk frqvxphu zloo ex|1:
Vr idu zh kdyh lpsolflwo| dvvxphg wkdw ￿upv kdyh qr lqirupdwlrq uhjduglqj wkh orfdwlrq ri hdfk
frqvxphu1 Doo wkh| nqrz lv wkdw frqvxphuv duh xqlirupo| glvwulexwhg rq wkh xqlw lqwhuydo1 Qrz
dvvxph wkdw +vrph, lqirupdwlrq uhjduglqj wkh orfdwlrq ri hdfk frqvxphu ehfrphv dydlodeoh1 Lq
sudfwlfh/ ￿upv fdq rewdlq vxfk lqirupdwlrq iurp d qxpehu ri gl￿huhqw vrxufhv/ vxfk dv= l, gluhfwo|
wkurxjk uhshdwhg sdvw wudqvdfwlrqv zlwk wkh fxvwrphuv/ ll, yld d whohpdunhwlqj ru gluhfw0pdlo vxuyh|/
lll, iurp fuhglw fdug uhsruwv/ ru ly, iurp d pdunhwlqj ￿up ^vhh Vkd￿hu dqg ]kdqj +5333 ) 5334, iru d
pruh h{whqvlyh glvfxvvlrq dqg pruh uhihuhqfhv rq wklv lvvxh‘1 Wkh lqirupdwlrq sduwlwlrqv wkh lqwhuydo
lqwr Q vxe0lqwhuydov +lqgh{hg e| p> p @4 >===>Q, ri htxdo glvwdqfh dqg wkh ￿up zkr dftxluhv wklv
lqirupdwlrq kdv d ehwwhu lghd derxw wkh orfdwlrq ri wkh frqvxphuv dqg wkhlu zloolqjqhvv wr sd|1 Lq
wklv fdvh/ d ￿up fdq fkdujh gl￿huhqw sulfhv wr gl￿huhqw jurxsv ri frqvxphuv +e|/ vd|/ glvwulexwlqj
:Wklv lv d vwdqgdug dvvxpswlrq/ pdgh e| prvw ri wkh flwhg dxwkruv lq wklv sdshu/ zklfk idflolwdwhv wkh h{srvlwlrq
dqg wkh dqdo|vlv1
8wdujhwhg frxsrqv yld h0pdlo,/ wkrxjk wkh sulfh lv wkh vdph zlwklq hdfk jurxs1 Duelwudjh ehwzhhq
frqvxphuv lv qrw ihdvleoh1
Iru vlpsolflw| dqg wudfwdelolw|/ zh ixuwkhu dvvxph wkdw Q @5 &>n@3 >4>5===1 Khqfh/ n zloo
sdudphwhul}h wkh lqirupdwlrq txdolw|/ zlwk kljkhu n*v ehlqj dvvrfldwhg zlwk kljkhu lqirupdwlrq
suhflvlrq +lqirupdwlrq uh￿qhphqw,1 Zh dvvxph wkdw dq lqirupdwlrq ri txdolw| n lv dydlodeoh wr
erwk ￿upv dw d frvw htxdo wr }hur; dqg wkdw wkh fxuuhqw vwdwh ri whfkqrorj| glfwdwhv wkh txdolw| ri
lqirupdwlrq n zklfk wkh ￿upv wdnh dv h{rjhqrxvo| jlyhq1
Rqh zd| wr prwlydwh rxu lqirupdwlrq vwuxfwxuh lv wr ylhz lw dv wkh rxwfrph ri d uhshdwhg
lqwhudfwlrq ehwzhhq ex|huv dqg vhoohuv zkhuh wkh ￿upv +ru dq lqirupdwlrq yhqgru zkr uhfrugv
wkhvh lqwhudfwlrqv, fdq fodvvli| wkh frqvxphuv lqwr gl￿huhqw jurxsv edvhg rq wkhlu sdvw sxufkdvlqj
ehkdylru ^h1j1 sxufkdvhuv dqg qrq0sxufkdvhuv dv lq Fkhq/ Ixghqehuj dqg Wluroh dqg Yloodv0Erdv
+4<<<,‘1 Wkh sduwlwlrq ri frqvxphuv lq shulrg w.4lv d uh￿qhphqw ri wkdw lq shulrg w1 Lq wkh deryh
phqwlrqhg sdshuv/ krzhyhu/ wkh uh￿qhphqw ri wkh lqirupdwlrq vwrsv txlfno| dv hlwkhu wkhuh duh rqo|
wzr shulrgv +Fkhq dqg Ixghqehuj dqg Wluroh, ru wkh krul}rq lv lq￿qlwh exw hdfk frqvxphu olyhv
rqo| iru wzr shulrgv +Yloodv0Erdv, dqg khqfh wkh qxpehu ri frqvxphu vhjphqwv lv dw prvw wzr1 Rxu
prgholqj dssurdfk fdq eh ylhzhg dv d frqwulexwlrq wr wklv vwudqg ri olwhudwxuh zkhuh wkh qxpehu
ri lghqwl￿deoh frqvxphu jurxsv lv dq| qxpehu ehwzhhq rqh dqg lq￿qlw|1 Rq wkh rwkhu kdqg/ iru
wudfwdelolw|/ rxu prgho vlghvwhsv dq| g|qdplf frqvlghudwlrqv +suhvhqw lq wkh deryh wzr sdshuv, dqg
dvvxphv d yhu| vshfl￿f lqirupdwlrq uh￿qhphqw zklfk lv wuhdwhg dv h{rjhqrxvo| jlyhq1
Wkh wkuhh vwdjh vhtxhqwldo jdph zh frqvlghu xqirogv dv iroorzv=
Vwdjh 4= Jlyhq wkh txdolw| ri lqirupdwlrq n ￿upv ghflgh/ vlpxowdqhrxvo| dqg lqghshqghqwo|/
zkhwkhu wr dftxluh lqirupdwlrq ru qrw1
;Ri frxuvh/ lq sudfwlfh wkh lqirupdwlrq ￿sulfh￿ lv qrw }hur1 Iru h{dpsoh/ dv Ylghr Exvlqhvv lq Iheuxdu| 54/
5333 zulwhv= ￿Ylghr uhwdlohuv duh orrnlqj wr xvh wkhlu gdwdedvhv ri fxvwrphu lqirupdwlrq dv dq dgglwlrqdo uhyhqxh
vwuhdp/ e| vhoolqj wkrvh qdphv wr pdunhwhuv1 Dffruglqj wr vrph dqdo|vwv hdfk qdph lq wkrvh gdwdedvhv frxog eh
zruwk dv pxfk dv ’:331￿ Rxu prgho ghwhuplqhv krz pxfk hdfk ￿up lv zloolqj wr sd| iru wkh lqirupdwlrq dqg fdq
eh dxjphqwhg wr lqfrusrudwh d vwdjh zkhuh wkh lqirupdwlrq sulfh lv hqgrjhqrxvo| ghwhuplqhg1 Wklv/ krzhyhu/ zloo
fulwlfdoo| ghshqg xsrq wkh dvvxpswlrqv zh pdnh derxw wkh lqirupdwlrq surylvlrq pdunhw vwuxfwxuh +prqrsro| yhuvxv
roljrsro| lqirupdwlrq yhqgruv, dv zhoo dv wkh phwkrg e| zklfk wkh lqirupdwlrq lv vrog +￿{hg sulfh yhuvxv ur|dowlhv/
h{foxvlyh yhuvxv qrq0h{foxvlyh surylvlrq hwf1, dqg zloo dgg frqvlghudeo| wr wkh ohqjwk dqg frpsoh{lw| ri rxu sdshu1
Zh uhvhuyh wklv lqwhuhvwlqj h{whqvlrq iru ixwxuh uhvhdufk1
9Vwdjh 5= Ilupv vlpxowdqhrxvo| dqg lqghshqghqwo| fkrrvh wkhlu uhjxodu sulfhv1
Vwdjh 6= Ilupv +li wkh| kdyh dftxluhg lqirupdwlrq, vlpxowdqhrxvo| dqg lqghshqghqwo| glvwulexwh
wdujhwhg sulfh surprwlrqv +glvfrxqwv, wr wkh frqvxphu vhjphqwv1
Rxu vhw xs sdudoohov wkh pxowlvwdjh jdphv wkdw kdyh ehhq h{dplqhg lq wkh olwhudwxuh ^h1j1 Edqnv
dqg Prruwk| +4<<<,/ Udr +4<<4, dqg Vkd￿hu dqg ]kdqj +4<<8 ) 5334,‘ zkhuh ￿upv fkrrvh wkhlu
surprwlrqdo vwudwhjlhv diwhu wkh| kdyh fkrvhq wkhlu uhjxodu sulfhv1 Wklv dvvxpswlrq lv frqvlvwhqw
zlwk wkh frpprq ylhz wkdw d ￿up*v uhjxodu sulfh fdq eh dgmxvwhg vorzhu wkdq wkh fkrlfh ri wdujhwhg
frxsrqv1 Lq dgglwlrq/ li erwk ghflvlrqv duh pdgh vlpxowdqhrxvo| qr sxuh vwudwhj| htxloleulxp h{lvwv
lq wkh vxejdphv zkhuh rqo| rqh ￿up kdv lqirupdwlrq ^vhh dovr Vkd￿hu dqg ]kdqj +4<<8/ irrwqrwh
44,‘1<
Lq wkh qh{w vhfwlrq/ zh orrn iru d vxejdph shuihfw htxloleulxp ri wklv jdph1
      
 
Zh vroyh wkh jdph edfnzdugv vwduwlqj iurp vwdjh 6 dqg surfhhglqj wr vwdjh 41 Zh ehjlq e|
dqdo|}lqj wkh irxu vxejdphv diwhu wkh ￿upv* lqirupdwlrq dftxlvlwlrq ghflvlrqv lq vwdjh 41 Wkh ￿uvw
vxejdph lv zkhq qhlwkhu ￿up dftxluhv lqirupdwlrq dqg wkh| erwk vhw wkhlu uhjxodu sulfhv lq vwdjh
51 Vwdjh 6 lv qhyhu uhdfkhg lq wklv fdvh1 Wkh vhfrqg vxejdph rffxuv diwhu erwk ￿upv kdyh dftxluhg
lqirupdwlrq1 Lq vwdjh 5/ wkh| erwk fkrrvh wkhlu uhjxodu sulfhv dqg surprwlrqv wdnh sodfh lq vwdjh
61 Ilqdoo|/ wkh wklug dqg wkh irxuwk vxejdphv hphujh zkhq rqo| rqh ￿up srvvhvvhv lqirupdwlrq1
Erwk ￿upv vhw wkhlu uhjxodu sulfhv lq vwdjh 5 dqg wkh ￿up zlwk wkh lqirupdwlrq/ diwhu lw revhuyhv
wkh uhjxodu sulfh ri lwv ulydo/ lq vwdjh 6 r￿huv glvfrxqwv1 Lq Vkd￿hu dqg ]kdqj +5334, ￿upv kdyh
dq lqfhqwlyh wr fkrrvh d uhjxodu sulfh lq rughu wr vkhowhu wkhlu or|do fxvwrphuv iurp frpshwlwlyh
srdfklqj1 Wklv vwudwhjlf uroh ri wkh uhjxodu sulfh lv devhqw lq rxu prgho1 Wkh uhdvrq ehklqg wklv
glvfuhsdqf| lv wkdw lq rxu prgho wkh ￿upv lqfxu wkh lqirupdwlrq frvw +li dq|, lq vwdjh 4 dqg zkhq
wkh| fkrrvh wkhlu surprwlrqdo vwudwhjlhv wklv frvw lv luuhohydqw1 Wklv lv qrw wkh fdvh lq Vkd￿hu dqg
]kdqj +5334, zkhuh wkh wdujhwlqj frvw lv qrw vxqn zkhq wkh ￿upv pdnh wkhlu wdujhwlqj ghflvlrqv1
<Surri lv dydlodeoh xsrq uhtxhvw1
:Lq oljkw ri wkh deryh glvfxvvlrq/ lw lv htxlydohqw +dqg uhgxfhv wkh qrwdwlrqdo exughq, li zh dvvxph
wkdw d ￿up zlwk lqirupdwlrq grhv qrw fkrrvh d uhjxodu sulfh lq vwdjh 51 Diwhu kdylqj vroyhg doo irxu
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Lq wklv vxevhfwlrq/ zh vroyh iru wkh htxloleulxp lq hdfk ri wkh irxu vxejdphv1
Vxejdph 4= Qhlwkhu ￿up kdv lqirupdwlrq +QL/QL,
Wklv lv wkh vwdqgdug Krwhoolqj prgho xqghu d xqlirup sulfh1 Wkh ￿upv fkrrvh wkhlu uhjxodu
sulfhv lq vwdjh 51 Wkh ghpdqg ri hdfk ri wkh wzr ￿upv* surgxfwv lv jlyhq e|/
g￿ @
s2 ￿ s￿ . w
5w
dqg g2 @
s￿ ￿ s2 . w
5w
=
Lw fdq eh hdvlo| vkrzq ^h1j1 Wluroh +4<;;,/ s1 5;3‘ wkdw lq htxloleulxp wkh uhjxodu sulfhv dqg









Vxejdph 5= Erwk ￿upv kdyh lqirupdwlrq +L/L,
Zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw wkh ￿upv gr qrw fkrrvh dq| uhjxodu sulfhv lq vwdjh
5 dqg doo wkh sulflqj ghflvlrqv duh pdgh lq vwdjh 61 Vlqfh erwk ￿upv kdyh frqvxphu lqirupdwlrq/
wkh| nqrz lq zklfk ri wkh Q @5 & vhjphqwv hdfk frqvxphu lv orfdwhg dqg wkhuhiruh wkh| duh deoh wr
fkdujh gl￿huhqw sulfhv iru gl￿huhqw vhjphqwv1 Wkh lqwhuydo ^3>4‘ lv htxdoo| glylghg lqwr 5& vhjphqwv/
hdfk rqh kdylqj ohqjwk ri 4@5&1 Vhjphqw p fdq eh h{suhvvhg dv wkh lqwhuydo ^+p ￿ 4,@5&>p@5&‘/






Iljxuh 4= Sduwlwlrq ri wkh xqlw lqwhuydo
;Lq vhjphqw p/￿ u p4 dqg 5 fkdujh sulfhv s￿6 dqg s26/ wkh ghpdqgv ri wkhlu surgxfwv duh/
g￿6 @




5& dqg g26 @
p
5& ￿
s26 ￿ s￿6 . w
5w
>
zlwk g￿6 dqg g26 lq
￿
3>4@5&￿
dqg wkhlu sur￿wv duh/
￿￿6+s￿6>s 26,@s￿6g￿6> dqg ￿26+s￿6>s 26,@s26g261
Ilup l*v/ sureohp lv/
pd{
R￿6Df
￿￿6+s￿6>s 26,/ iru hdfk p> p @4 >===>Q> dqg l @4 >5=
Ohw ￿
UcU
￿ +n, dqg ￿
UcU
2 +n, ghqrwh wkh htxloleulxp sur￿wv/ zkhq erwk ￿upv kdyh lqirupdwlrq/ dv
d ixqfwlrq ri wkh lqirupdwlrq txdolw|1 Wkh qh{w sursrvlwlrq vxppdul}hv wkh vroxwlrq wr wkh deryh
sureohp1
Sursrvlwlrq 4 Dvvxph wkdw erwk ￿upv dftxluh lqirupdwlrq1 Wkhq/ iru hdfk n +n ￿ 4,/ wkhuh h{lvw
wzr wkuhvkrogv +lqwhjhuv, p￿ dqg p2 +zlwk 5& .4￿ p2 Ap ￿ ￿ 3, zkhuh/
p2 @5 E&3￿￿ .5dqg p￿ @5 E&3￿￿ ￿ 4 ￿ 3
vxfk wkdw=
l, ^Wklv fdvh lv ydolg rqo| zkhq p￿ ￿ 4‘1 Ilup 4*v htxloleulxp ghpdqg lv htxdo wr 4@5& lq
doo vhjphqwv iurp 4 wr p￿/ l1h1/ ￿up 4 lv d frqvwudlqhg prqrsrolvw lq wkhvh vhjphqwv1 Ilup 5*v
htxloleulxp ghpdqg lq wkhvh vhjphqwv lv }hur1 Pruhryhu/ ￿up 4*v sulfhv duh= sW
￿6 @ w+5& ￿5p,@5&>
zkloh ￿up 5 vhwv sW
26 @3 >p@4 >===>p￿1









> dqg ￿up 5*v sulfhv duh= sW
26 @ w
￿






p @ p￿ .4 >===>p2 ￿ 4=
lll, ^Wklv fdvh lv ydolg rqo| zkhq p2 ￿ 5&‘1 Ilup 5*v htxloleulxp ghpdqg lv htxdo wr 4@5& lq
doo vhjphqwv iurp p2 wr 5&/ l1h1/ ￿up 5 lv d frqvwudlqhg prqrsrolvw lq wkhvh vhjphqwv1 Ilup 4*v
43Khuh dqg lq wkh uhpdlqlqj ri wkh sdshu zkhq zh vd| ￿vkduh￿ zh gr qrw qhfhvvdulo| phdq d 83083 glylvlrq ri wkh
vhjphqw ghpdqg1
<htxloleulxp ghpdqg lq wkhvh vhjphqwv lv }hur1 Pruhryhu/ ￿up 5*v sulfhv duh= sW
26 @ w+5p ￿ 5& ￿
5,@5&/ zkloh ￿up 4 vhwv sW
￿6 @3 >p@ p2>===>5&1




w+< ￿ 4; ￿ 53& .7 3￿ 73&,
69
>l @4 >51 +5,
Surri1 Vhh dsshqgl{1
Wzr0zd| eudqg vzlwfklqj 0 zkhuh hdfk ￿up srdfkhv vrph ri wkh rwkhu ￿up*v or|do fxvwrphuv
0 rffxuv lq htxloleulxp lq wkh plggoh wzr frqvxphu vhjphqwv ^wkdw lv/ lq vhjphqwv 5E&3￿￿ dqg
5E&3￿￿ .4‘/ lqghshqghqw ri n1 Frqvxphuv orfdwhg rq wkh ohiw ri wkhvh wzr vhjphqwv ex| h{foxvlyho|
iurp ￿up 4 dqg wkrvh rq wkh uljkw iurp ￿up 51 Dv n $4eudqg vzlwfklqj ydqlvkhv1
Iljxuh 5= Sur￿wv lq wkh vxejdph zkhuh erwk ￿upv kdyh lqirupdwlrq
Wkh htxloleulxp sur￿wv h{klelw d X0vkdsh dv d ixqfwlrq ri n ^￿jxuh 5‘1 Wkh lqwxlwlrq ehklqg
wkh qrq0prqrwrqlflw| uhvxow zloo eh ehvw xqghuvwrrg li zh h{soruh wkh pryhphqwv ri wkh uhdfwlrq
ixqfwlrqv dv wkh txdolw| lpsuryhv ^vhh ￿jxuh 6‘1 Ohw*v ehjlq e| dvvxplqj wkdw qr lqirupdwlrq lv
dydlodeoh/ l1h1/ n @3 = Ilup 4*v uhdfwlrq ixqfwlrq lv/ s￿ @ s2@5.w@5> zkloh ￿up 5*v uhdfwlrq ixqfwlrq
+diwhu kdylqj vroyhg iru s￿,l v = s￿ @5 s2 ￿ w= Erwk uhdfwlrq ixqfwlrqv duh lqfuhdvlqj dqg wkh|
lqwhuvhfw dw wkh v|pphwulf htxloleulxp sulfh yhfwru +w>w,= Wkh ￿upv wkurxjk wkhlu sulflqj vwudwhjlhv
wu| wr vwulnh dq rswlpdo edodqfh ehwzhhq jdlqlqj +orvlqj, pdujlqdo frqvxphuv dqg orvlqj +jdlqlqj,
43lqiudpdujlqdo uhqwv1 Qrz vxssrvh wkdw zh pryh wr wkh qh{w lqirupdwlrq uh￿qhphqw/ l1h1/ n @4
dqg ohw*v orrn dw wkh ￿uvw vhjphqw/ l1h1/ p @4 1 Lw fdq eh hdvlo| vhhq wkdw wkh uhdfwlrq ixqfwlrq ri
￿up 4 uhpdlqv xqfkdqjhg/ exw wkdw ri ￿up 5 ehfrphv= s￿ @5 s2> wkdw lv/ lw vkliwv wr wkh ohiw1 Wklv
lv ehfdxvh wkh wudgh r￿ ehwzhhq pdujlqdo frqvxphuv dqg lqiudpdujlqdo uhqwv kdv qrw fkdqjhg iru
￿up 4/ exw lw kdv iru ￿up 51 Wkh frpsohwh vhsdudwlrq ehwzhhq pdunhwv doorzv ￿up 5 wr fkdujh
wzr gl￿huhqw sulfhv/ zklfk pdnhv lw ohvv frqfhuqhg derxw vdful￿flqj lwv lqiudpdujlqdo uhqwv zkhq lw
sxuvxhv d pruh djjuhvvlyh sulflqj vwudwhj| lq ￿up 4*v rzq wxui lq dq dwwhpsw wr srdfk vrph ri ￿up
4*v or|do fxvwrphuv ^wkh vdph lv wuxh iru ￿up 4 lq ￿up 5*v whuulwru|‘1 Vlqfh wkh uhdfwlrq ixqfwlrqv
duh xszdug vorslqj/ ￿up 4 uhdfwv e| orzhulqj lwv sulfh wr lqgxfh wkh fxvwrphuv wr vwd|/ uhvxowlqj lq
orzhu sur￿wv iru erwk ￿upv1 Zkhq n @5￿up 5*v uhdfwlrq ixqfwlrq ehfrphv= s￿ @5 s2 .w@5= Ilup
5/ e| dsso|lqj wkh vdph orjlf/ ehfrphv hyhq pruh djjuhvvlyh lq wkh ￿uvw vhjphqw dqg sulfhv idoo
ixuwkhu wrjhwkhu zlwk erwk ￿upv* sur￿wv1 Iru wklv n ￿up 5*v htxloleulxp sulfh lv }hur +pdujlqdo frvw,
dqg vhoov wr qr frqvxphu lq wkh ￿uvw vhjphqw/ zkloh ￿up 4 fkrrvhv d sulfh htxdo wr w@51 Iurp wklv
sduwlfxodu srlqw rq wkh sulfhv wkdw ￿up 4 fkdujhv vwduw wr lqfuhdvh zlwk n vlqfh lw lv qrz txlwh fohdu
wkdw ￿up 5 fdqqrw dwwudfw dq| fxvwrphu iurp wkh ￿uvw vhjphqw1 Zkhq n @6 / wkh htxloleulxp sulfh
yhfwru lv +3>6w@7,1 Vr li zh orrn dw wkh frqvxphuv zkr duh orfdwhg yhu| forvh wr ￿up 4/ wkh| lqlwldoo|
idfh d ghfuhdvlqj vhtxhqfh ri sulfhv exw diwhu d fhuwdlq wkuhvkrog wkh sulfhv wkh| sd| lqfuhdvh zlwk
n/ uhvxowlqj lq sur￿wv wkdw duh X0vkdshg1 Wklv olqh ri uhdvrqlqj fdq eh h{whqghg wr dq| vhjphqw
+ri frxuvh lq wkh lqwhulru vhjphqwv ￿up 4*v uhdfwlrq ixqfwlrq fkdqjhv dv zhoo, dqg wkh djjuhjdwlrq
ri sur￿wv ryhu doo vhjphqwv |lhogv d wrwdo sur￿w ixqfwlrq wkdw dovr h{klelwv d X0vkdsh1 Wr vxp xs/
wkhuh duh wzr irufhv dw zrun= l, wkh lqwhqvl￿hg frpshwlwlrq h￿hfw dqg ll, wkh vxusoxv h{wudfwlrq
h￿hfw1 Zkhq d vhjphqw ri frqvxphuv lv vkduhg ehwzhhq wkh wzr ￿upv dq lqirupdwlrq uh￿qhphqw
lqwhqvl￿hv wkh frpshwlwlrq dqg sulfhv idoo1 Wklv rffxuv iru orz ohyhov ri lqirupdwlrq txdolw|1 Iru
kljk suhflvlrq wklv ￿jkwlqj ryhu frqvxphuv fhdvhv dv lw qrz ehfrphv pruh dssduhqw zklfk eudqg
wkh frqvxphuv lq d jlyhq vhjphqw suhihu dqg wkh rwkhu ￿up fdqqrw dwwudfw wkhp hyhq li lw r￿huv lwv
surgxfw dw pdujlqdo frvw1 Dq| ixuwkhu lqirupdwlrq lpsuryhphqwv doorz wkh ￿upv wr h{wudfw pruh
vxusoxv e| udlvlqj wkhlu sulfhv1
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Iljxuh 6= Uhdfwlrq ixqfwlrqv iru wkh ￿uvw vhjphqw +p @4 ,
Frpsdulvrq zlwk Fkhq/ Qdudvlpkdq dqg ]kdqj +5334,
Fkhq hw do1 suhglfw wkdw wkh htxloleulxp sur￿wv duh lqyhuvh X0vkdshg dv d ixqfwlrq ri wkh
lqirupdwlrq dffxudf|1 Lq wkhlu prgho wkhuh duh rqo| wkuhh jurxsv ri frqvxphuv= or|do wr hdfk ￿up
frqvxphuv zkr gr qrw frpsduh sulfhv dqg vzlwfkhuv zkr ex| iurp wkh fkhdshu ￿up1 Ilupv uhfhlyh
lpshuihfw vljqdov derxw wkh or|dow| ri hdfk fxvwrphu1 Dw orz ohyhov ri wdujhwdelolw| sur￿wv lqfuhdvh
dv wkh dffxudf| lpsuryhv1 Wklv lv gxh wr wzr idfwruv= ￿uvw wkh ￿upv duh deoh wr h{wudfw pruh vxusoxv
iurp wkhlu or|do fxvwrphuv dv qrz wkh| fdq lghqwli| wkhp ehwwhu dqg vhfrqg wkh frpshwlwlrq ehwzhhq
wkh wzr ￿upv iru wkh vzlwfkhuv lv yhu| vriw vlqfh wkh| fdqqrw eh fohduo| vhsdudwhg iurp wkh or|do
fxvwrphuv1 Dv wkh ohyho ri wdujhwdelolw| lpsuryhv sur￿wv hyhqwxdoo| ghfuhdvh ehfdxvh wkh frqvxphuv
fdq eh vhjphqwhg pruh dffxudwho| dqg wkh hqvxlqj lqwhqvh frpshwlwlrq iru wkh vzlwfkhuv rxwzhljkv
wkh vxusoxv h{wudfwlrq ehqh￿wv1 Lq rxu prgho wkh uhodwlyh vwuhqjwk ri wkhvh wzr h￿hfwv zrun lq wkh
rssrvlwh gluhfwlrq/ dv zdv looxvwudwhg lq wkh suhfhglqj sdudjudsk1
Lw lv zruwk h{sorulqj wkhvh vwulnlqj gl￿huhqfhv ehwzhhq wkh sduwlwlrq +wkdw zh dvvxph, dqg
wkh vljqdo +Fkhq hw do1, dssurdfkhv d elw pruh1 Lq d frpprq ydoxh dxfwlrq zlwk q elgghuv
Pdwwhzv +4<;7/ s14<404<5, vkrzhg wkdw elgghuv* sur￿wv duh lqyhuvh X0vkdshg dv d ixqfwlrq ri wkh
vljqdo dffxudf|/ vlplodu wr wkh uhvxow lq Fkhq hw do1 Rxu frqmhfwxuh lv wkdw wkh frpprq ydoxh
dxfwlrq prgho fdq eh h{whqghg wr hqfrpsdvv vsdwldo gl￿huhqwldwlrq prghov zlwk d frqwlqxxp
ri frqvxphuv1 Wkh ￿upv duh wkh elgghuv zkr uhfhlyh sulydwh vljqdov derxw wkh orfdwlrq ri hdfk
45fxvwrphu1 Wklv rshqv xs qhz dyhqxhv iru ixwxuh uhvhdufk lqwr wkh vshfl￿f zd| lqirupdwlrq hqwhuv
d pdunhw dqg krz wkh gl￿huhqw lqirupdwlrq irupdwv d￿hfw wkh wudqvlwlrq ri wkh htxloleulxp sur￿wv1
Iru lqvwdqfh/ li frqvxphuv duh fdwhjrul}hg +e| d pdunhwlqj ￿up vd|, lqwr jurxsv dqg doo ￿upv
dftxluh wkh vdph frqvxphu gdwdedvhv zklfk duh xsgdwhg uhjxoduo|/ wkhq wkh sduwlwlrq dssurdfk
vhhpv pruh uhdvrqdeoh1 Li/ rq wkh rwkhu kdqg/ ￿upv frqgxfw wkhlu rzq pdunhwlqj uhvhdufk dqg
uhfhlyh srwhqwldoo| gl￿huhqw vljqdov derxw hdfk frqvxphu*v zloolqjqhvv wr sd| dqg wkhq fkdujh klp
dffruglqjo|/ wkhq wkh vljqdo dssurdfk lv pruh sodxvleoh1
Qh{w/ zh frqwlqxh zlwk rxu prgho1
Qxphulfdo h{dpsoh 4
Vxssrvh n @6 > l1h1/ Q @; = Wkhq p￿ @6dqg p2 @9 / lpso|lqj wkdw ￿up 4 dqg 5 duh
frqvwudlqhg prqrsrolvwv lq wkh vhjphqwv 4/5/6 dqg 9/:/; uhvshfwlyho|1 Lq vhjphqwv 7 dqg 8 erwk
￿upv kdyh vwulfwo| srvlwlyh ghpdqgv1 Wkh sulfhv wkdw ￿up 4 fkdujhv/ vwduwlqj iurp vhjphqw 4 duh=
sW
￿￿ @6 w@7>s W
￿2 @ w@5>s W
￿￿ @ w@7>s W
￿e @ w@9>s W
￿D @ w@45 dqg sW
￿S @ sW
￿. @ sW
￿H @3 = Ilup 5*v sulfhv
duh v|pphwulf zlwk wkh kljkhvw sulfh lq vhjphqw ; dqg sulfh htxdo wr }hur lq vhjphqw 41 Wkh






Zh gljuhvv iurp rxu dssurdfk vr idu dqg zh dvvxph wkdw ￿upv kdyh shuihfw lqirupdwlrq derxw
hdfk frqvxphu dqg frqvhtxhqwo| fdq fkdujh hdfk rqh d gl￿huhqw sulfh1 Zh wkhq xvh wkhvh uhvxowv
wr frpsduh wkh shuihfw glvfulplqdwlrq fdvh zlwk wkh sur￿wv lq +5, dv n $4 144
Hdfk frqvxphu lv sd|lqj d gl￿huhqw sulfh/ ghshqglqj rq klv orfdwlrq1 Frqvlghu wkh frqvxphu
z k rl vo r f d w h gd w{?4@5= Erwk ￿upv nqrz klv h{dfw orfdwlrq dqg wkh htxloleulxp sulfhv duh
sW
￿ @ w+4 ￿ 5{, dqg sW
2 @3 = Wkhuhiruh/ wkh frqvxphu zkr lv orfdwhg dw { @3sd|v sW
￿ @ w iru wkh
surgxfw ri ￿up 4/ zkloh ￿up 5 fkdujhv d }hur sulfh1 Wkh frqvxphu zkr lv orfdwhg dw { @4 @5 sd|v
d }hur sulfh1 Khqfh wkh dyhudjh sulfh wkdw ￿up 4 fkdujhv lv w@5 dqg ￿up 4*v sur￿wv duh htxdo wr
w@7= Vlqfh wkh sureohp lv v|pphwulf wkh vdph krogv iru ￿up 51
44Whfkqlfdoo| vshdnlqj/ rxu olplw +dv wkh qxpehu ri vxelqwhuydov jrhv wr lq￿qlw|, lv qrw wkh vdph dv wkh shuihfw sulfh
glvfulplqdwlrq/ zkhuh hdfk rqh ri wkh frqwlqxxp ri frqvxphuv sd|v d gl￿huhqw sulfh1 Lq rxu olplw zh fdq jhqhudwh
doo udwlrqdo qxpehuv lq dfc￿o/ exw lw lv qrw wkh fdvh wkdw hdfk frqvxphu sd|v d gl￿huhqw sulfh1 Zh gr krzhyhu/ rewdlq
wkh vdph htxloleulxp yduldeohv dv lq wkh shuihfw glvfulplqdwlrq sdudgljp1





￿ +n, @ olp
&<"
￿







Qrw vxusulvlqjo|/ rxu jdph dssurdfkhv wkh shuihfw glvfulplqdwlrq rqh dv wkh qxpehu ri lghqwl0
￿deoh frqvxphu vhjphqwv jrhv wr lq￿qlw|1
Vxejdphv 6 ) 7= Rqo| rqh ￿up kdv lqirupdwlrq +L/QL, ru +QL/L,
Gxh wr v|pphwu| ohw*v dvvxph wkdw ￿up 4 lv wkh ￿up zkr kdv lqirupdwlrq1 Ilup 5 fkrrvhv lwv
uhjxodu sulfh s2 lq vwdjh 5 dqg ￿up 4 fkrrvhv lwv surprwlrqdo sulfhv s￿6>p@4 >===>5& lq vwdjh 61
Zh ￿uvw vroyh ￿up 4*v sureohp1 Lwv ghpdqg lq hdfk vhjphqw lv/
g￿6 @




5& > iru p @4 >===>5&1








￿6+n>s2,>p@4 >===>5& ghqrwh wkh vroxwlrq wr wkh ￿up*v pd{lpl}dwlrq sureohp1 Qrz ohw*v







> iru p @4 >===>5&1









￿ +n, dqg ￿
Uc￿U
2 +n, ghqrwh wkh htxloleulxp sur￿wv zkhq rqo| ￿up 4 kdv lqirupdwlrq dv d
ixqfwlrq ri wkh lqirupdwlrq txdolw|1 Wkh qh{w sursrvlwlrq vxppdul}hv wkh surshuwlhv ri wkh vroxwlrq1
Lq wkh surri ri wklv sursrvlwlrq zh fdq qr orqjhu vroyh iru wkh htxloleulxp lq hdfk vhjphqw vhsdudwho|/
dv zh glg lq sursrvlwlrq 4/ ehfdxvh ￿up 5 fdqqrw wuhdw wkh frqvxphu vhjphqwv lqghshqghqwo| gxh
wr lwv lqdelolw| wr fkdujh pruh wkdq rqh sulfh1 Wklv dggv wr wkh gl!fxow| dqg ohqjwk ri wkh surri
vljql￿fdqwo|1
47Sursrvlwlrq 5 Dvvxph wkdw rqo| ￿up 4 kdv dftxluhg lqirupdwlrq1 Wkhq/ iru hdfk n +n ￿ 4,/ wkhuh
h{lvw wzr wkuhvkrogv +lqwhjhuv, p￿ dqg p2 zlwk +zlwk 5& .4￿ p2 Ap ￿ ￿ 3,z k h u h /
p2 @6￿ 5E&32￿ .5dqg p￿ @6￿ 5E&32￿ ￿4/ iru n ￿ 5>
dqg p￿ @3 / p2 @6iru n @4
vxfk wkdw=




ll, ^Wklv fdvh lv ydolg rqo| zkhq p￿ ￿ 4‘1 Ilup 4*v htxloleulxp ghpdqg lv htxdo wr 4@5& lq doo vhj0
phqwv iurp 4 wr p￿/ l1h1/ ￿up 4 lv d frqvwudlqhg prqrsrolvw lq wkhvh vhjphqwv1 Ilup 5*v htxloleulxp











6@7.+8@7, ￿ 53& ￿ 53&p
￿
>p@ p￿ .4 >===>p2 ￿ 4=
ly, ^Wklv fdvh lv ydolg rqo| zkhq p2 ￿ 5&‘1 Ilup 5*v htxloleulxp ghpdqg lv htxdo wr 4@5& lq
doo vhjphqwv iurp p2 wr 5&/ l1h1/ ￿up 5 lv d frqvwudlqhg prqrsrolvw lq wkhvh vhjphqwv1 Ilup 4*v
htxloleulxp ghpdqg dqg sulfhv lq wkhvh vhjphqwv duh }hur l1h1/ sW
￿6 @3 >p@ p2>===>5&1













Khuh/ xqolnh wkh fdvh zkhuh erwk ￿upv kdyh lqirupdwlrq/ wzr0zd| eudqg vzlwfklqj rffxuv lq
htxloleulxp rqo| zkhq n @4 / l1h1/ wzr lghqwl￿deoh frqvxphu jurxsv= Iru dq| n ￿ 5/ wkh pdunhw
h{shulhqfhv d rqh0zd| srdfklqj zkhuh rqo| ￿up 4 vwhdov vrph ri ￿up 5*v or|do fxvwrphuv/ d vlwxdwlrq
wkdw shuvlvwv dv n $4 1
48Iljxuh 7= Sur￿wv lq wkh vxejdph zkhuh rqo| rqh ￿up kdv lqirupdwlrq
W k hs u r ￿ w vr ie r w k￿ u p vd u hw k hv d p h+ ￿￿ @ ￿2 @ =8w,z k h qn @3+qr lqirupdwlrq lv dydlo0
deoh,1 Wkhq/ dv n lqfuhdvhv ￿upv 5*v sur￿wv prqrwrqlfdoo| ghfuhdvh dqg wkh| dssurdfk =458w dv wkh
lqirupdwlrq whqgv wr ehfrph shuihfw +l1h1/ n $4 ,1 Ilup 4*v sur￿wv/ krzhyhu/ duh qrq0prqrwrqlf
lq n1 Iru orz lqirupdwlrq txdolw| +wkdw lv/ rqo| iru n @4 >5, ￿up 4*v sur￿wv zlwk lqirupdwlrq duh
orzhu wkdq wkh rqhv zlwkrxw lqirupdwlrq +hyhq zlwk d }hur frvw ri lqirupdwlrq,1 Wklv lv ehfdxvh
￿up 5 lv dzduh ri wkh idfw wkdw ￿up 4 kdv fuhgleo| frpplwwhg wr sulfh glvfulplqdwh zklfk irufhv
￿up 5 wr iroorz d pruh ghihqvlyh sulflqj vwudwhj| e| orzhulqj lwv uhjxodu sulfh vljql￿fdqwo|1 Rq wkh
rwkhu kdqg/ wkh txdolw| ri lqirupdwlrq lv lqlwldoo| txlwh orz dqg wkhuhiruh ￿up 4 fdqqrw wdnh d ixoo
dgydqwdjh ri wkh lqirupdwlrq ehqh￿wv1 Zkhq wkh suhflvlrq lqfuhdvhv wkh vxusoxv h{wudfwlrq h￿hfw
ehfrphv pruh grplqdqw dqg ￿up 4*v sur￿wv lqfuhdvh dqg wkh| dssurdfk =8958wA= 8w dv n $4 1
Qxphulfdo h{dpsoh 5
Vxssrvh n @6 > l1h1/ Q @; = Wkhq p￿ @8dqg p2 @; / lpso|lqj wkdw ￿up 4 dqg 5 duh frqvwudlqhg
prqrsrolvwv lq wkh vhjphqwv 4/5/6/7/8 dqg ; uhvshfwlyho|1 Lq vhjphqwv 9 dqg : erwk ￿upv vkduh
wkh ghpdqg1 Ilup 5*v uhjxodu sulfh lv s2 @ =8958w1 Wkh sulfhv wkdw ￿up 4 fkdujhv/ vwduwlqj iurp
vhjphqw 4 duh= sW
￿￿ @4 =6458w> sW
￿2 @4 =3958w> sW
￿￿ @ =;458w> sW
￿e @ =8958w> sW
￿D @ =6458w> sW
￿S @ =48958w>
sW
￿. @ =36458w dqg sW
￿H @3 = Wkh htxloleulxp sur￿wv duh ￿
Uc￿U










Wkh jdph sod|hg ehwzhhq wkh wzr ￿upv lq wkh ￿uvw vwdjh fdq eh vxppdul}hg lq wkh iroorzlqj 5￿5
pdwul{/























zkhuh wkh sur￿wv lq wkh fhoov deryh kdyh ehhq wdnhq iurp Htv1+4,/ +5, dqg +6,1 Dv zh kdyh phqwlrqhg
lq vhfwlrq 5/ zh dvvxph wkdw wkh lqirupdwlrq lv frvwohvv1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh
htxloleulxp lq wkh jdph1
Sursrvlwlrq 6 Zkhq n?6> ￿qrw wr dftxluh lqirupdwlrq￿ +QL, lv hdfk ￿up*v grplqdqw vwudwhj|/
zkloh iru n ￿ 6/ ￿wr dftxluh lqirupdwlrq￿ +L, ehfrphv wkh grplqdqw vwudwhj|1
Wkh surri ri wkh deryh sursrvlwlrq fdq eh hdvlo| vhhq e| frpsdulqj wkh sur￿w ixqfwlrqv dqg
wkhuhiruh lv rplwwhg1
Zkhq n lv orz erwk ￿upv fkdujh d xqlirup sulfh wr wkhlu fxvwrphuv1 Iru kljk n*v erwk ￿upv




Lq wklv vhfwlrq/ zh hydoxdwh wkh lpsolfdwlrqv ri lqirupdwlrq lpsuryhphqwv iru wkh ￿upv* sur￿wv dqg
frqvxphu dqg vrfldo zhoiduh1
Lpsolfdwlrqv iru ￿upv






￿S /l i n ￿ 6
=
Ilupv* sur￿wv h{klelw d X0vkdsh dv d ixqfwlrq ri n ^vhh ￿jxuh 8‘1 Pruh vshfl￿fdoo|/ dv n lq0
fuhdvhv/ sur￿wv duh lqlwldoo|  dw exw dw n @6wkh| gurs dqg wkhq wkh| lqfuhdvh zlwk n/ dssurdfklqj
dv|pswrwlfdoo| =58w= Wkxv/ iru n ￿ 6/ wkh jdph ehfrphv d sulvrqhuv* glohppd1 Ghvslwh wkh idfw wkdw
d frpplwphqw ghylfh qrw wr ghyldwh iurp d xqlirup sulfh +e| qrw dftxlulqj lqirupdwlrq, lv whfkqr0
orjlfdoo| ihdvleoh/ ￿upv gr qrw ￿qg lw lq wkhlu ehvw lqwhuhvw wr xqlodwhudoo| xwlol}h vxfk d uhvwudlqw li
lwv txdolw| lv kljk1 Wklv frpsohphqwv Fruw*v ￿qglqj ^sursrvlwlrq :/ s1653‘ zkr vkrzhg wkdw zkhq
￿upv fdq glvfulplqdwh rqo| ehwzhhq wzr frqvxphu jurxsv +n @4lq rxu prgho,/ vxfk xqlodwhudo






Iljxuh 8 = Htxloleulxp sur￿wv lq wkh wkuhh vwdjh jdph
Lq sudfwlfh/ ￿upv pd| pdnh dq dwwhpsw wr vriwhq wkh lqwhqvlw| ri frpshwlwlrq wkurxjk ydulrxv
frpplwphqwv vxfk dv wkh dgrswlrq ri hyhu| gd| orz sulflqj ru d qr0kdjjoh srolf| ^vhh Fruwv/ vhfwlrq
7‘1 Rxu jdph fdq eh voljkwo| prgl￿hg lq rughu wr surylgh qhz lqvljkwv rq wklv lvvxh1 Vxssrvh wkdw
￿upv douhdg| srvvhvv frqvxphu lqirupdwlrq ri txdolw| n= Lq vwdjh 4 wkh| ghflgh zkhwkhu wr frpplw
qrw wr xvh wkh dydlodeoh lqirupdwlrq/ e| xqlodwhudoo| dqqrxqflqj sxeolfo| wkh dgrswlrq ri rqh ri
wkh deryh phqwlrqhg srolflhv> dqg vwdjhv 5 dqg 6 duh wkh vdph dv lq rxu jdph1 Wkhq/ iurp rxu
dqdo|vlv vr idu/ lw iroorzv hdvlo| wkdw vxfk frpplwphqwv zloo suhydlo lq htxloleulxp rqo| iru orz
4;lqirupdwlrq txdolw| +n?6,1 Lq dq| rwkhu fdvh ￿upv vlpso| ￿qg lw lq wkhlu ehvw lqwhuhvw wr xwlol}h
wkhlu lqirupdwlrq dqg sulfh glvfulplqdwh1
Lpsolfdwlrqv iru frqvxphuv
Wkh zhoiduh lpsolfdwlrqv iru wkh frqvxphuv duh dv iroorzv1 Ljqrulqj iru wkh prphqw wkh wudqv0
sruwdwlrq frvw/ frqvxphuv ehfrph ehwwhu r￿ frpsduhg wr wkh qr glvfulplqdwlrq fdvh/ dv wkh sulfhv
wkdw hdfk ￿up fkdujhv duh xqlirupo| ehorz wkh qrq0glvfulplqdwru| sulfh w iru dq| n= Wr vhh wklv
frqvlghu iru h{dpsoh ￿up 4 +wkh vdph krogv iru ￿up 5,1 Zkhq ￿up 4 lv d frqvwudlqhg prqrsrolvw
lw fkdujhv d sulfh htxdo wr w+5& ￿5p,@5& ￿ w/ p @4 >===>p￿= D vlplodu uhvxow krogv lq wkh vhjphqwv
zkhuh wkh wzr ￿upv vkduh wkh ghpdqg1 Wkh uhdvrq lv wkdw pdunhwv duh wuhdwhg dv|pphwulfdoo| e|
wkh wzr ￿upv1 Ilup 4*v vwurqjhvw pdunhw +l1h1/ wkh jurxs ri frqvxphuv forvhvw wr ￿up 4, lv ￿up
5*v zhdnhvw pdunhw dqg vr rq1 Wklv lv wkh vr0fdoohg ehvw0uhvsrqvh dv|pphwu| zklfk lv d qhfhvvdu|
frqglwlrq iru sulfh glvfulplqdwlrq wr |lhog xqdpeljxrxv sulfh h￿hfwv ^vhh Fruwv dqg Vkd￿hu dqg
]kdqj +5333,‘1
Wkh dyhudjh sulfh ri hdfk ￿up ryhu wkh frqvxphuv zkr ex| iurp wklv ￿up lv 5 wlphv lwv sur￿w/
l1h1/
DY S+n, @
w+< ￿ 52& ￿ 4; ￿ 5& .7 3 ,
4; ￿ 52& =
Wkhuhiruh/ wkh dyhudjh sulfh wkdw frqvxphuv kdyh wr sd| dovr h{klelwv d X0vkdsh sdwwhuq vlplodu
wr wkdw lq ￿jxuh 51 Wkdw lv/ hyhq wkrxjk doo frqvxphuv sd| orzhu sulfhv zkhq wkh ￿upv sulfh
glvfulplqdwh/ wkh dyhudjh sulfh +diwhu d jlyhq wkuhvkrog, lqfuhdvhv dv wkh txdolw| ri lqirupdwlrq
lqfuhdvhv1 Lq dgglwlrq wr wkh sulfh/ frqvxphuv dovr lqfxu wkh wudqvsruwdwlrq frvw/ zklfk lv fdofxodwhg
ehorz1
Wudqvsruwdwlrq frvw= Gxh wr v|pphwu| zh rqo| fdofxodwh wkh dyhudjh wudqvsruwdwlrq frvw ri wkh
frqvxphuv zkr ex| iurp ￿up 41 Wkh fdofxodwlrq lv grqh dv iroorzv1 Lq hdfk vhjphqw p zh ￿qg wkh
wudqvsruwdwlrq frvw ri wkh plggoh frqvxphu dprqj wkh rqhv zkr ex| iurp ￿up 4/ zh pxowlso| lw e|
￿up 4*v ghpdqg lq wkdw vhjphqw/ dqg zh vxp xs ryhu doo vhjphqwv wkdw ￿up 4 kdv d vwulfwo| srvlwlyh
ghpdqg1 E| frpelqlqj wklv zlwk wkh dyhudjh wudqvsruwdwlrq frvw lqfxuuhg e| wkh frqvxphuv zkr




< ￿ 52& .;
￿
69 ￿ 52& =
Khqfh dv n $4wkh dyhudjh wudqvsruwdwlrq frvw dssurdfkhv =58w z k l f kl vw k hv d p hd vw k d wl q
wkh +QL>QL, vxejdph1 Wkdw lv/ lq wkh olplw hyhu| frqvxphu ex|v iurp wkh forvhvw ￿up1
Frpelqlqj wkh dyhudjh wudqvsruwdwlrq frvw zlwk wkh dyhudjh sulfh DY S+n, zh fdq frpsxwh wkh
dyhudjh frqvxphu vxusoxv +jlyhq d vx!flhqwo| kljk Y ,/ zklfk lv/
DY FV+n, @ Y ￿
w+5: ￿ 52& ￿ 69 ￿ 5& .; ; ,
69 ￿ 52& =
Pruhryhu/ zkhq qr lqirupdwlrq lv dydlodeoh wkh dyhudjh frqvxphu vxusoxv lv Y ￿ 4=58w> zklfk
fdq eh hdvlo| vhhq wkdw lw lv dozd|v ohvv wkdq wkdw zkhq lqirupdwlrq lv dydlodeoh iru dq| n= Wkh
dyhudjh frqvxphu vxusoxv iru wkh hqwluh jdph lv/
DY FV+n, @
+
Y ￿ 4=58w/l i n?6
Y ￿
|E2.f22&3￿Sf2&nHH￿
￿Sf22& /l i n ￿ 6
=
Frqvxphu vxusoxv h{klelwv dq lqyhuvh X0vkdsh dv d ixqfwlrq ri n> lpso|lqj wkdw prghudwh
ohyhov ri lqirupdwlrq |lhog wkh kljkhvw vxusoxv1 Wkhuhiruh/ frqvxphuv duh ehwwhu r￿ zkhq ￿upv
xvh lqirupdwlrq wkdq zkhq qr lqirupdwlrq lv xvhg/ exw jlyhq wkdw lqirupdwlrq lv xvhg wkhuh lv dq
rswlpdo +iru wkh frqvxphu zhoiduh, ohyho zklfk lv ￿qlwh1 Diwhu wkh shdn ri wkh frqvxphu zhoiduh/
vrph frqvxphuv sd| kljkhu sulfhv dv lqirupdwlrq txdolw| lqfuhdvhv ^vhh ￿jxuh 9‘ dqg frqvxphu
zhoiduh dssurdfkhv dv|pswrwlfdoo| Y ￿ =:8w1






Iljxuh 9= Frqvxphu vxusoxv
Vrfldo zhoiduh
Wkh dyhudjh vrfldo zhoiduh lv Y ￿ DY WF> l1h1/ wkh ydoxh wkdw frqvxphuv ghulyh iurp ex|lqj d
jrrg plqxv wkh dyhudjh wudqvsruwdwlrq frvw1 Wkh pdunhw rxwfrph zkhq qr lqirupdwlrq lv dydlodeoh
dqg ￿upv gr qrw sulfh glvfulplqdwh lv Sduhwr rswlpdo +jlyhq wkh orfdwlrqv ri wkh ￿upv,146 Khqfh/
wkh dydlodelolw| ri lqirupdwlrq fdqqrw lpsuryh xsrq wklv rxwfrph1 Dfwxdoo|/ iru dq| nA3 wrwdo
z h o i d u hl vo r z h uw k d qz k h qn @3 = Wkh uhdvrq lv wkdw wkh wudqvsruwdwlrq frvw lv qrw plqlpl}hg
ehfdxvh dv zh vkrz lq sursrvlwlrq 4 wkh ￿upv vkduh wkh ghpdqg lq wkh plggoh wzr vhjphqwv/ wkdw
lv/ wkhuh duh frqvxphuv zkr gr qrw ex| iurp wkh ￿up wkh| olnh prvw1 Iru h{dpsoh/ d frqvxphu
zkr lv orfdwhg dw {?4@5 +l1h1/ lq ￿up 4*v ￿edfn |dug￿,/ exw lq wkh uljkw vlgh ri vhjphqw p￿ .4 >
qrz lv sxufkdvlqj iurp ￿up 5 uhvxowlqj lq dq xqqhfhvvdu| lqfuhdvh lq wudqvsruwdwlrq frvw/ zklfk
fuhdwhv d ghdg0zhljkw orvv wr wkh vrflhw|1 Wklv lv gxh wr fxvwrphu srdfklqj/ zklfk prqrwrqlfdoo|
ghfuhdvhv zlwk n1 Wr vxp xs/ vrfldo zhoiduh vwduwv dw Y ￿=58w zkhq n @3 / lw idoov zkhq n lv 6 dqg
wkhq lw lqfuhdvhv dssurdfklqj dv|pswrwlfdoo| Y ￿=58w1
46Dq rxwfrph lv Sduhwr rswlpdo zkhq wkh wudqvsruwdwlrq frvw lv plqlpl}hg1 Zkhq wkh orfdwlrqv ri wkh wzr ￿upv
duh h{rjhqrxvo| ￿{hg dw 3 dqg 4 uhvshfwlyho|/ dqg qr lqirupdwlrq lv dydlodeoh/ wkhq hdfk frqvxphu ex|v iurp wkh
qhduhvw ￿up1
54"#   	    
  
Wklv sdshu hydoxdwhv wkh uroh ri dq lpsurylqj lqirupdwlrq txdolw| rq wkh ￿upv*= l, lqfhqwlyhv wr
dftxluh lw/ ll, htxloleulxp sur￿wv dqg lll, frqvxphu dqg vrfldo zhoiduh1 Zh gr vr e| dqdo|}lqj d
wkuhh vwdjh jdph ri vsdwldo sulfh glvfulplqdwlrq1 Lq wkh ￿uvw vwdjh wkh ￿upv pdnh wkhlu lqirupdwlrq
dftxlvlwlrq ghflvlrqv> lq wkh vhfrqg vwdjh wkh| fkrrvh wkhlu uhjxodu sulfhv> dqg lq wkh wklug vwdjh
wkh| fkrrvh wkhlu surprwlrqdo sulfhv1 Wkh lqirupdwlrq +zklfk lv dvvxphg wr eh frvwohvv, doorzv
wkh vhoohuv wr jurxs wkh fxvwrphuv lqwr gl￿huhqw vhjphqwv dffruglqj wr wkhlu eudqg suhihuhqfhv
dqg fkdujh hdfk vhjphqw d gl￿huhqw sulfh1 Dq lqirupdwlrq lpsuryhphqw lqfuhdvhv wkh qxpehu ri
lghqwl￿deoh vhjphqwv1 Rxu pdlq uhvxowv fdq eh vxppdul}hg dv iroorzv=
41 Lqirupdwlrq dftxlvlwlrq ghflvlrqv= Zkhq wkh lqirupdwlrq txdolw| lv orz/ lw lv hdfk ￿up*v
grplqdqw vwudwhj| wr fuhgleo| frpplw qrw wr sulfh glvfulplqdwh1 Wkh jdph lv qrw d sulvrqhuv*
glohppd1 Diwhu d fhuwdlq wkuhvkrog ri lqirupdwlrq suhflvlrq dftxlulqj lqirupdwlrq zlwk wkh
lqwhqwlrq wr sulfh glvfulplqdwh ehfrphv d grplqdqw vwudwhj| uhvxowlqj lq d sulvrqhuv* glohppd1
51 Htxloleulxp sur￿wv= Zkhq erwk ￿upv hqjdjh lq sulfh glvfulplqdwlrq/ wkhlu sur￿wv duh X0
vkdshg zlwk uhvshfw wr lqirupdwlrq lpsuryhphqwv dqg dozd|v orzhu wkdq wkh rqhv xqghu d
xqlirup sulfh1
61 Frqvxphu dqg vrfldo zhoiduh= Frqvxphu zhoiduh h{klelwv dq lqyhuvh X0vkdsh dv d ixqfwlrq ri
wkh lqirupdwlrq txdolw|/ exw lw lv dozd|v kljkhu wkdq wkh rqh xqghu qr sulfh glvfulplqdwlrq1
Prghudwh lqirupdwlrq txdolw| lv wkh prvw ehqh￿fldo iru wkh frqvxphuv1 Vrfldo zhoiduh/ rq wkh
rwkhu kdqg/ lv dozd|v orzhu zkhq wkh ￿upv sulfh glvfulplqdwh frpsduhg wr wkh rqh sulfh fdvh/
exw lw lqfuhdvhv dv wkh txdolw| dgydqfhv1
Wkhuh duh dw ohdvw d frxsoh ri lqwhuhvwlqj h{whqvlrqv wr wkh suhvhqw vhw0xs1 Iluvw/ zh fdq hq0
grjhql}h wkh frvw ri lqirupdwlrq zklfk lq wklv sdshu lv dvvxphg wr eh }hur1 Zh fdq dxjphqw rxu
jdph e| lqwurgxflqj dq lqirupdwlrq vhoolqj vwdjh dlplqj dw dgguhvvlqj wzr lpsruwdqw lvvxhv= l, wkh
ghwhuplqdwlrq ri wkh lqirupdwlrq sulfh dv d ixqfwlrq ri lwv txdolw| dqg ll, wkh ohyho ri txdolw| wkdw
lv rswlpdoo| fkrvhq1 Zh fdq h{soruh gl￿huhqw srvvlelolwlhv ehjlqqlqj zlwk d prqrsro| lqirupdwlrq
yhqgru zkr fkrrvhv wkh rswlpdo vhoolqj phfkdqlvp iru klv lqirupdwlrq ri dq hqgrjhqrxvo| fkrvhq
55txdolw|1 Zh fdq dovr lqyhvwljdwh wkh frqvhtxhqfhv ri doorzlqj iru frpshwlwlrq ehwzhhq yhqgruv e|
lqwurgxflqj d vhfrqg rqh zkr fdq dovr jhqhudwh lqirupdwlrq zklfk fdq hlwkhu vxevwlwxwh ru frpsoh0
phqw wkh rqh srvvhvvhg e| wkh ￿uvw yhqgru1 Vhfrqg/ wkh suhvhqfh ri lqirupdwlrq surylghv wkh ￿upv
zlwk lqfhqwlyhv wr fxvwrpl}h wkhlu surgxfwv dorqj zlwk wkhlu sulfhv1 Wkhvh lqfhqwlyhv fohduo| vkrxog
ghshqg rq wkh txdolw| ri wkh dydlodeoh lqirupdwlrq1 Wkh pdlq vwuxfwxuh ri wkh suhvhqw prgho fdq
eh xvhg wr dgguhvv wklv lvvxh1
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Surri ri sursrvlwlrq 4
Zh frqmhfwxuh wkh iroorzlqj vwuxfwxuh1 Wkhuh h{lvw wzr lqwhjhuv p￿ dqg p2 zlwk 3 ￿ p￿ ?
p2 ￿ 5& .4 / vxfk wkdw= l, ^ohiw vhjphqwv‘ ￿up 4 lv d frqvwudlqhg prqrsrolvw lq doo vhjphqwv
iurp 4 wr p￿ +li p￿ @3 / wkhq ￿up 4 lv qhyhu d frqvwudlqhg prqrsrolvw,/ ll, ^plggoh vhjphqwv‘
lq doo vhjphqwv iurp p￿ .4wr p2 ￿ 4 wkh wzr ￿upv vkduh +lq vrph zd|, wkh vhjphqw ghpdqg
d q gl l l ,^ uljkw vhjphqwv‘ lq doo vhjphqwv iurp p2 wr 5& ￿up 5 lv d frqvwudlqhg prqrsrolvw +djdlq li
p2 @5 & .4, ￿up 5 lv qhyhu d frqvwudlqw prqrsrolvw1 Qh{w/ zh vhw rxw wr suryh wkdw wklv vwuxfwxuh
lqghhg krogv1
￿ Erwk ￿upv fkdujh vwulfwo| srvlwlyh sulfhv +plggoh vhjphqwv,1
Ljqrulqj wkh qrqqhjdwlylw| frqvwudlqwv dqg vhwwlqj C￿￿6@Cs￿6 @3 >l@4 >5/ zh rewdlq iroorzlqj
vroxwlrqv iru wkh sulfhv/
s￿6 @
w+5& ￿ 5p .7 ,
6 ￿ 5& dqg s26 @
w+5p ￿ 5& .5,
6 ￿ 5& =
Xvlqj wkhvh sulfhv zh rewdlq wkh ghpdqgv>
g￿6 @
￿5p .5 & .7
9 ￿ 5& dqg g26 @
5p ￿ 5& .5
9 ￿ 5& =
Zh fdq vhh wkdw g￿6 lv ghfuhdvlqj lq p/d q gg26 lv lqfuhdvlqj lq p1 Wklv phdqv wkdw ￿up
4 pd| ghflgh wr fkdujh d }hur sulfh dqg jlyh wkh hqwluh vhjphqw ghpdqg wr ￿up 5 iru vhjphqwv
wkdw duh lq ￿up 5*v whuulwru|1 Wkh vdph krogv iru ￿up 5 lq vhjphqwv wkdw duh lq ￿up 4*v whuulwru|1
Iru vhjphqwv lq wkh plggoh ri wkh lqwhuydo erwk ￿upv fkdujh srvlwlyh sulfhv1 Revhuyh wkdw g26 @
￿





￿ 3 iru dq| p ￿ 5&@5 ￿ 4 dqg g￿6 @
￿






57dq| p ￿ 5&@5.5 = Qrz gh￿qh p￿+n, wr eh wkh kljkhvw lqwhjhu wkdw lv ohvv wkdq htxdo wr 5&@5 ￿ 4/
dqg p2+n, wr eh wkh orzhvw lqwhjhu wkdw lv kljkhu wkdq ru htxdo wr 5&@5.5 = Reylrxvo|/
p￿ @5 E&3￿￿ ￿4 dqg p2 @5 E&3￿￿ .5 =
Wklv zloo eh xvhg odwhu lq wkh surri1 Khqfh/ iru dq| p @ p￿ .4 >===>p2 ￿ 4> erwk ￿upv fkdujh
vwulfwo| srvlwlyh sulfhv dqg kdyh vwulfwo| srvlwlyh vhjphqw ghpdqg1
￿ Ilup 4 fkdujhv vwulfwo| srvlwlyh sulfhv zkloh ￿up 5 fkdujhv d }hur sulfh +ohiw vhjphqwv,1
Iroorzlqj wkh dqdo|vlv deryh/ wklv fdvh lv ydolg iru p ￿ p￿= Wkhq g26 ￿ 3= Wklv lpsolhv
wkdw g26 @3dqg g￿6 @4 @5&1 Wklv ixuwkhu lpsolhv wkdw s26 @3 /d q gs￿6 lv wkh vroxwlrq wr
g￿6+s26 @3 , @4 @5&> zklfk |lhogv s￿6 @ w+5& ￿ 5p,@5&=
￿ Ilup 5 fkdujhv vwulfwo| srvlwlyh sulfhv zkloh ￿up 4 fkdujhv d }hur sulfh +uljkw vhjphqwv,1
Wklv fdvh lv ydolg iru p ￿ p2= Wklv fdvh lv v|pphwulf wr fdvh 51 Ilup 5*v sulfhv lq wkhvh
vhjphqwv duh= s26 @ w+5p ￿ 5& ￿ 5,@5&= Ehorz zh vxppdul}h wkh uhvxowv=
Wkh htxloleulxp sulfhv dqg sur￿wv duh/
l, li p￿ .4￿ p ￿ p2 ￿ 4 +plggoh vhjphqwv,>
s￿6 @
w+5& ￿ 5p .7,
6 ￿ 5& dqg s26 @
w+5p ￿ 5& .5 ,
6 ￿ 5&
g￿6 @
￿5p .5 & .7
9 ￿ 5& dqg g26 @





w+5p ￿ 5& ￿7,2
4; ￿ 52& dqg ￿
UcU
26+n, @
w+5p ￿ 5& .5,2
4; ￿ 52& >
ll, li p ￿ p￿ +ohiw vhjphqwv,>
s￿6 @
w+5& ￿ 5p,
5& dqg s26 @3
g￿6 @
4








58lll, dqg li p ￿ p2 +uljkw vhjphqwv,>
s￿6 @3 dqg s26 @
w+5p ￿5& ￿ 5,
5&








w+5p ￿ 5& ￿ 5,
52& =










w+5p ￿ 5& ￿ 7,2






w+5p ￿ 5& .5,2
4; ￿ 52& .
2& [
6’62
w+5p ￿ 5& ￿ 5,
52& =
E| shuiruplqj wkh vxppdwlrq
￿










Surri ri sursrvlwlrq 5
Dv lq wkh surri ri sursrvlwlrq 4/ zh frqmhfwxuh wkh iroorzlqj vwuxfwxuh1 Wkhuh h{lvw wzr lqwhjhuv
p￿ dqg p2 zlwk 3 ￿ p￿ ?p 2 ￿ 5& .4 / vxfk wkdw= l, ^ohiw vhjphqwv‘ ￿up 4 lv d frqvwudlqhg
prqrsrolvw lq doo vhjphqwv iurp 4 wr p￿ +li p￿ @3 / wkhq ￿up 4 lv qhyhu d frqvwudlqhg prqrsrolvw,/
ll, ^plggoh vhjphqwv‘ lq doo vhjphqwv iurp p￿ .4wr p2 ￿4 wkh wzr ￿upv vkduh +lq vrph zd|, wkh
vhjphqw ghpdqg dqg lll, ^uljkw vhjphqwv‘ lq doo vhjphqwv iurp p2 wr 5& ￿up 5 lv d frqvwudlqhg
prqrsrolvw +djdlq li p2 @5 & .4 , ￿up 5 lv qhyhu d frqvwudlqw prqrsrolvw1 Qh{w/ zh vhw rxw wr
suryh wkdw wklv vwuxfwxuh lqghhg krogv1
Ohw*v ehjlq e| dqdo|}lqj ￿up 4*v sureohp jlyhq wkh uhjxodu sulfh s2 ri wkh rwkhu ￿up1 Ilup 4*v
ghpdqg dqg sur￿w ixqfwlrq lq vhjphqw p duh/
g￿6 @







￿ Ohiw vhjphqwv1 Iru hdfk p @4 >===>p ￿ ￿up 4*v ghpdqg lv= 4@5& dqg wkh sulfh lq hdfk rqh ri
wkhvh vhjphqwv lv/
s￿6u @ s2 . w ￿
5wp
5& =
Iru wklv wr eh ￿up 4*v ehvw uhvsrqvh lw pxvw eh wkdw/
C￿￿6
Cs￿6




5wp .5 w ￿ 5&s2 ￿ 5&w
5w5& ? 3= +D4,
E| vhwwlqj wkh deryh sduwldo ghulydwlyh htxdo wr }hur dqg vroylqj zlwk uhvshfw wr p zh rewdlq/
pW @
5&s2 .5 &w ￿ 5w
5w
= +D5,
Iru dq| p?p W/ +D4, lv vwulfwo| qhjdwlyh1 pW krzhyhu lv qrw dq lqwhjhu +h{fhsw iru d vshfl￿f
s2,1 Ohw p￿+s2>n, eh wkh ￿uvw lqwhjhu wkdw lv ohvv wkdq pW1 Wklv zloo eh wkh odvw vhjphqw zkhuh
￿up 4 lv d frqvwudlqhg prqrsrolvw1
￿ Uljkw vhjphqwv1 Lq wkh uljkw vhjphqwv ￿up 4*v ghpdqg dqg sulfh lv }hur/ l1h1/ s￿6- @3 1I r u
w k l vw re hde h v wu h v s r q v hl wp x v we hw k d w /
C￿￿6
Cs￿6
￿ ￿ ￿ ￿
R￿6-’f
@
5&s2 .5 &w ￿ 5wp .5 w
5w5& ? 3= +D6,
E| vhwwlqj wkh deryh sduwldo ghulydwlyh htxdo wr }hur dqg vroylqj zlwk uhvshfw wr p zh rewdlq/
pWW @
5&s2 .5 &w .5 w
5w
= +D7,
Iru dq| pAp WW/ +D6, lv vwulfwo| qhjdwlyh1 pWW krzhyhu lv qrw dq lqwhjhu +h{fhsw iru d vshfl￿f
s2,1 Ohw p2+s2>n, eh wkh ￿uvw lqwhjhu wkdw lv juhdwhu wkdq pWW1 Wklv zloo eh wkh ￿uvw vhjphqw zkhuh
￿up 5 lv d frqvwudlqhg prqrsrolvw1




5&s2 .5 &w ￿ 5wp .5 w
5 ￿ 5& =














































Zh fdqqrw vroyh iru wkh rswlpdo s2 gluhfwo| ehfdxvh zh fdqqrw rewdlq d forvhg irup h{suhvvlrq
iru ￿2+s2>n,1 Wklv lv gxh wr wkh idfw wkdw zh gr qrw kdyh forvhg irup h{suhvvlrqv iru p￿+s2>n, dqg
p2+s2>n,1 Uhfdoo wkdw wkhvh wzr wkuhvkrogv zhuh irxqg e| lqwhjhul}lqj +D5, dqg +D7, dqg wkh|
duh dfwxdoo| vwhs ixqfwlrqv +dv d ixqfwlrq ri s2, zklfk frpsolfdwhv wkh dqdo|vlv1 Qhyhuwkhohvv/ zh
zhuh deoh wr flufxpyhqw wklv sureohp dqg rewdlq d forvhg irup vroxwlrq iru s2/ s￿6>￿ ￿ dqg ￿21Z h
ghvfuleh rxu dssurdfk qh{w1
Iluvw/ zh vroyhg wkh sureohp e| dvvljqlqj n d frxsoh ri vshfl￿f qxphulfdo ydoxhv/ l1h1/ n @4 >5>6=
Wklv fdq eh hdvlo| grqh xvlqj d vwdqgdug vriwzduh sdfndjh +zh xvhg Pdsoh,1 Lw fdqqrw/ krzhyhu/
eh uhsolfdwhg iru d jhqhudo n1 Jlyhq wkh vroxwlrqv iru s2 zh rewdlqhg/ zh wkhq jxhvvhg wkh jhqhudo
irup ri s2 dv d ixqfwlrq ri n1 Ilqdoo|/ zh yhul￿hg wkdw wklv lv lqghhg wkh +xqltxh, vroxwlrq1
Khuh zh suhvhqw lq ghwdlo wkh vwhsv rxwolqhg lq wkh deryh sdudjudsk1 Zh vhw w @4dqg n @4 >5>6
dqg zh pd{lpl}hg +D9, zlwk uhvshfw wr s2= Wklv |lhogv/ s2 @ =:8+n @4 ,>s 2 @ =958+n @5 , dqg








Jlyhq wkh jhqhudo ixqfwlrq iru ￿up 5*v sulfh/ zh fdq dovr jxhvv wkh jhqhudo ixqfwlrqv iru p￿ dqg
p2= Wkhvh duh/
p￿ @6￿ 5E&32￿ ￿ 4 dqg p2 @6￿ 5E&32￿ .5/ iru n ￿ 5= +D;,









Qrwlfh wkdw lq +D<, p￿ dqg p2 duh qrw doorzhg wr ydu| zkhq s2 ydulhv1 Lq rwkhu zrugv/ zh
dvvxph wkdw wkh vwuxfwxuh grhv qrw fkdqjh zlwk s2= Wklv pljkw eh wuxh iru orfdo fkdqjhv ri s21Z h
gl￿huhqwldwh +D<, zlwk uhvshfw wr s2 dqg wkhq zh soxj lq +D:, wr rewdlq/
C￿2+s2>n,
Cs2





Li/ l, orfdo fkdqjhv ri s2 +durxqg wkh jxhvvhg vroxwlrq, gr qrw fkdqjh wkh p￿ dqg p2 dqg ll,
￿2+s2, lv vwulfwo| frqfdyh lq s2/ wkhq +D43, lpsolhv wkdw +D:, lv lqghhg wkh xqltxh vroxwlrq1 Qh{w/
zh suryh wkhvh wzr frqmhfwxuhv1













zklfk duh fohduo| qhyhu lqwhjhuv1 Wkhuhiruh/ d vpdoo fkdqjh lq s2 zloo qrw fkdqjh p￿ dqg p2= Ilqdoo|/
zh suryh wkdw ￿2+s2>n, lv vwulfwo| frqfdyh lq s2 iru dq| n1
Zh ehjlq wklv surri e| ￿uvw qrwlqj +hdv| wr vhh, wkdw iru dq| n> s2 vkrxog dozd|v eh zlwklq ^3>w‘1
Wkh ^3>w‘ lqwhuydo fdq eh glylghg lqwr d qxpehu ri vxelqwhuydov zlwk wkh iroorzlqj surshuwlhv= l,
dq| fkdqjh ri s2 zlwklq dq| vxelqwhuydo nhhsv wkh p￿ dqg p2 xqfkdqjhg dqg ll, d mxps ri s2 iurp
rqh vxelqwhuydo wr wkh qh{w rqh ohdgv wr dq lqfuhdvh ri erwk p￿ dqg p2 e| 4 ^vhh ￿jxuh D4 zkhuh
zh kdyh sorwwhg pW/ pWW +wkh vwudljkw olqhv, dqg p￿/ p2 +wkh vwhs ixqfwlrqv,‘1 Iluvw/ zh vkrz wkdw
￿2+s2>n, dv jlyhq lq +D9, lv vwulfwo| frqfdyh/ dvvxplqj wkdw zh ydu| s2 zlwkrxw fkdqjlqj p￿ +s2>n,
dqg p2 +s2>n,1 Wkh ohiw vhjphqwv +p ￿ p￿, duh luuhohydqw +vlqfh ￿up 5*v ghpdqg lv }hur, dqg wkh
uljkw vhjphqwv +p ￿ p2, duh olqhdu lq s2 ^vhh +D9, zlwk p2 ￿{hg‘= Ohw*v wkhq orrn dw wkh plggoh




5wp ￿5&s2 ￿ 5&w .5 w
￿
7 ￿ 5&w
5<lv wkh sur￿w ixqfwlrq lq vhjphqw p zklfk lv fohduo| vwulfwo| frqfdyh1 Wklv lv wuxh iru dq| p lq wkh
plggoh vhjphqwv dqg wkhuhiruh vwduwlqj iurp dq| jlyhq p￿ dqg p2/ ￿2+s2>n, lv vwulfwo| frqfdyh
surylghg wkdw wkh vwuxfwxuh grhv qrw fkdqjh1 Ri frxuvh/ wkh vwuxfwxuh fkdqjhv dw fhuwdlq ydoxhv ri
s2 ^dv ￿jxuh D4 fohduo| looxvwudwhv‘1 Lw pljkw eh wuxh wkdw dw wkhvh s2*v wkh sur￿w ixqfwlrq lv qrw
frqfdyh1 Wkhuhiruh/ lw uhpdlqv wr vkrz wkdw ￿2+s2>n, lv frqfdyh hyhq zkhq fkdqjhv ri s2 dowhu wkh
vwuxfwxuh1
Iljxuh D4= w@4/ n@6
Fkrrvh d s2 +vd| ￿ s, vxfk wkdw pW dqg pWW duh lqwhjhuv +revhuyh wkdw pW dqg pWW ehfrph
lqwhjhuv vlpxowdqhrxvo|,1 Wkxv/ pW @￿ p￿ dqg pWW @￿ p2= Li s2 lqfuhdvhv voljkwo|/ wkhq zh pryh wr
+￿ p￿> ￿ p2 .4 , dqg li s2 ghfuhdvhv voljkwo|/ wkhq zh pryh wr +￿ p￿ ￿ 4> ￿ p2, ^frqvxow wkh deryh judsk

















Vxssrvh s2 lqfuhdvhv e| %/ l1h1/ s2 @￿ s . %1 Wkh sur￿w ixqfwlrq fdq qrz eh zulwwhq dv/















8+￿ s . %,=
63Revhuyh wkdw wkh olplw ri wkh vxppdwlrq kdv fkdqjhg diwhu wkh sulfh lqfuhdvh1 Wkh uljkw ghulyd0









6 ￿ 53&w . w ￿ 5￿ s ￿ %
5w
=









6 ￿ 53&w . w ￿ 5￿ s . %
5w
=
Wkh ohiw dqg uljkw ￿uvw ghulydwlyhv duh wkh vdph dw dq| s2 vxfk wkdw pW dqg pWW duh lqwhjhuv/
l1h1/ C￿2+s.,@Cs @ C￿2+s￿,@Cs1 Wklv uhvxow frxsohg zlwk wkh idfw wkdw ￿2 lv vwulfwo| frqfdyh iru
￿{hg p￿ dqg p2 lpsolhv wkdw ￿up 5*v sur￿w ixqfwlrq lv vwulfwo| frqfdyh lq s21
E| shuiruplqj wkh vxppdwlrq lq +D9,/ xvlqj +D;,/ zh rewdlq d forvhg irup h{suhvvlrq iru ￿up
5*v sur￿w ixqfwlrq/
￿2+n, @
w+4.5￿ 53& .7 3&,
;
=
Ilup 4*v sur￿w ixqfwlrq iurp +D8, dqg xvlqj +D;, djdlq lv/
￿￿+n, @





^4‘ Doohqe|/ J1P1 dqg S1 Urvvl +4<<<, ￿Pdunhwlqj prghov ri frqvxphu khwhurjhqhlw|/￿ Mrxuqdo ri
Hfrqrphwulfv ;</ 8:0:;1
^5‘ Dqghuvrq/ V1 dqg D1 gh Sdopd +4<;;, ￿Vsdwldo sulfh glvfulplqdwlrq zlwk khwhurjhqhrxv surg0
xfwv/￿ Uhylhz ri Hfrqrplf Vwxglhv 88/ 8:608<51
^6‘ Edloh|/ M1 +4<<;, ￿Lqwhuqhw sulfh glvfulplqdwlrq= Vhoi0uhjxodwlrq/ sxeolf srolf| dqg joredo hohf0
wurqlf frpphufh/￿ Zrunlqj sdshu/ Wkh Urehuw K1 Vplwk Vfkrro ri Exvlqhvv/ Xqlyhuvlw| ri
Pdu|odqg1
^7‘ Edqnv/ M1 dqg V1 Prruwk| +4<<<, ￿D prgho ri sulfh surprwlrqv zlwk frqvxphu vhdufk/￿ Lqwhu0
qdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq 4:/ 6:406<;1
^8‘ Ehvwhu/ K1 dqg H1 Shwudnlv +4<<9, ￿Frxsrqv dqg roljrsrolvwlf sulfh glvfulplqdwlrq/￿ Lqwhuqd0
wlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq 47/ 55:05751
^9‘ Ekdvndu/ Y1 dqg W1 Wr +5334, ￿Lv shuihfw sulfh glvfulplqdwlrq uhdoo| h!flhqwB Dq dqdo|vlv ri
iuhh hqwu| htxloleuld/￿ zrunlqj sdshu1
^:‘ Eruhqvwhlq/ V1 +4<;8, ￿Sulfh glvfulplqdwlrq lq iuhh hqwu| pdunhwv/￿ UDQG Mrxuqdo ri Hfr0
qrplfv 49/ 6;306<:1
^;‘ Fkhq/ \1/ F1 Qdudvlpkdq dqg ]1M1 ]kdqj +5334, ￿Lqglylgxdo pdunhwlqj zlwk lpshuihfw wdu0
jhwdelolw|/￿ Pdunhwlqj Vflhqfh 53/ 560741
^<‘ Fkhq/ \1 +4<<:, ￿Sd|lqj fxvwrphuv wr vzlwfk/￿ Mrxuqdo ri Hfrqrplfv dqg Pdqdjhphqw Vwudw0
hj| 9/ ;::0;<:1
^43‘ Fruwv/ N1 +4<<;, ￿Wklug0ghjuhh sulfh glvfulplqdwlrq lq roljrsro|/￿ UDQG Mrxuqdo ri Hfrqrplfv
5</ 63906561
^44‘ Ixghqehuj/ G1 dqg M1 Wluroh +5333, ￿Fxvwrphu srdfklqj dqg eudqg vzlwfklqj/￿ UDQG Mrxuqdo
ri Hfrqrplfv 64/ 967098:1
^45‘ Krophv/ W1 +4<;<, ￿Wkh h￿hfwv ri wklug0ghjuhh sulfh glvfulplqdwlrq lq roljrsro|/￿ Dphulfdq
Hfrqrplf Uhylhz :</ 57705831
65^46‘ Ohghuhu/ S1 dqg D1 S1 Kxuwhu Mu1 +4<;9, ￿Frpshwlwlrq ri ￿upv= Glvfulplqdwru| sulflqj dqg
orfdwlrq/￿ Hfrqrphwulfd 87/ 95609731
^47‘ Pdwwkhzv/ V1 +4<;7, ￿Lqirupdwlrq dftxlvlwlrq lq glvfulplqdwru| dxfwlrqv/￿ lq Ed|hvldq Prghov
lq Hfrqrplf Wkhru|/ hglwhg e| P1 Er|hu dqg U1H1 Nlkovwurp/ Hovhylhu Vflhqfh Sxeolvkhuv E1Y1
^48‘ Qdudvlpkdq/ F1 +4<;;, ￿Frpshwlwlyh surprwlrqdo vwudwhjlhv/￿ Wkh Mrxuqdo ri Exvlqhvv 94/
75:077<1
^49‘ Udr/ U1 +4<<4, ￿Sulflqj dqg surprwlrqv lq dv|pphwulf gxrsrolhv/￿ Pdunhwlqj Vflhqfh 43/
46404771
^4:‘ Urelqvrq/ M1 Wkh hfrqrplfv ri lpshuihfw frpshwlwlrq1 Orqgrq= Pdfploodq 4<661
^4;‘ Urvvl/ S1/ U1H1 PfFxoorfk dqg J1P1 Doohqe| +4<<9, ￿Wkh ydoxh ri sxufkdvh klvwru| gdwd lq
wdujhw pdunhwlqj/￿ Pdunhwlqj Vflhqfh 48/ 65406731
^4<‘ Vfkpdohqvhh/ U1 +4<;4, ￿Rxwsxw dqg zhoiduh h￿hfwv ri prqrsrolvwlf wklug0ghjuhh sulfh glvfulp0
lqdwlrq/￿ Dphulfdq Hfrqrplf Uhylhz :4/ 575057:1
^53‘ Vkd￿hu/ J1 dqg ]1M1 ]kdqj +5334, ￿Frpshwlwlyh rqh0wr0rqh surprwlrqv/￿ Pdqdjhphqw Vflhqfh
+iruwkfrplqj,1
^54‘ Vkd￿hu/ J1 dqg ]1M1 ]kdqj +5333, ￿Sd| wr vzlwfk ru sd| wr vwd|= Suhihuhqfh0edvhg sulfh glv0
fulplqdwlrq lq pdunhwv zlwk vzlwfklqj frvwv/￿ Mrxuqdo ri Hfrqrplfv dqg Pdqdjhphqw Vwudwhj|
</ 6<:07571
^55‘ Vkd￿hu/ J1 dqg ]1M1 ]kdqj +4<<8, ￿Frpshwlwlyh frxsrq wdujhwlqj/￿ Pdunhwlqj Vflhqfh 47/
6<807481
^56‘ Wklvvh/ M1I1 dqg [1 Ylyhv +4<;;, ￿Rq wkh vwudwhjlf fkrlfh ri vsdwldo sulfh srolf|/￿ Dphulfdq
Hfrqrplf Uhylhz :;/ 455046:1
^57‘ Wluroh/ M1 Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq1 Wkh PLW Suhvv 4<;;1
^58‘ Xosk/ G1 dqg Q1 Yxondq +5333, ￿Hohfwurqlf frpphufh dqg frpshwlwlyh ￿uvw0ghjuhh sulfh glv0
fulplqdwlrq/￿ zrunlqj sdshu1
66^59‘ Yduldq/ K1O1 +4<;8, ￿Sulfh glvfulplqdwlrq dqg vrfldo zhoiduh/￿ Dphulfdq Hfrqrplf Uhylhz :8/
;:30;:81
^5:‘ Yduldq/ K1O1 +4<;3, ￿D prgho ri vdohv/￿ Dphulfdq Hfrqrplf Uhylhz :3/ 984098<1
^5;‘ Yloodv0Erdv/ M1P1 +4<<<, ￿G|qdplf frpshwlwlrq zlwk fxvwrphu uhfrjqlwlrq/￿ UDQG Mrxuqdo
ri Hfrqrplfv 63/ 93709641
67